A THEORY OF LINEAR

ESTIMATION

/Ugg’ 9\)337

T. O. Lewis
Assistant Professor of Mathematics
Texas Technological College

P. L. Odell
Associate Director

Texas
Center for Research
3100 Perry Lane
Austin, Texas

The preparation of this monograph was supported in part by NASA
Manned-Spacecraft Center, Contract No. 9-2619.

"



TABLE OF CONTENTS

Preface

Chapter 1. Mathematical Concepts

Matrices

The Generalized Inverse of a Matrix
Some Properties of Generalized Inverses
Quadratic Forms

The Crout Factorization

References

elaialialie
L) [ . » .
C\U'I-P(NNI—‘

Chapter 2. Minimum Variance Linear Unbiased Estimation

The Classical Form of the Gauss-Markov Theorem

The Recursive Formm of the Estimator

The Gauss-Markov Theorem When the Parameter
Vector is Random

On Estimating a Subvector of X

References

[ SS I 3] NNN
- . . *
[Sa I~ (NN’—‘

Chapter 3. A Generalization of the Gauss-Markov Theorem

Introduction

Notation and Preliminaries

The Main Result

Comparison of Least Squares and Minimum Variance
Estimates of Regression Parameters

3.5 References

LN(.N(N(N
. . .
&LNNH

Chapter 4. The Gauss-Markov Theorem and Its Relation to
Continuous Recursive Estimation

The Gauss-Markov Theorem for Continuous Data

A Dynamic Model

The Recursive Fom of x(T)

A Modification for Correlated Noise

References

= e
. * L . .
[Sa RN~ FA I O ]

Chapter 5. Matrix Lower Bound for the Covariance Matrix
of a Vector Estimate
5.1 The Matrix Lower Bound
5.2 An Application
5.3 References

Chapter 6. Best Linear Unbiased Estimation by Recursive
Methods When the Observations are Correlated
6.1 Correlation Model
6.2 The Solution
6.3 Determination of the Transformation S
6.4 Computation of the m-th Row of A

59
60
63

67
69

70
70
73
76



Chapter 6 (Cont'd)

6.5 Computation of (ojz) 84
6.6 Inversion of A Matrix 84
6.7 Recursive Relationships for Parameter Estimates 87
6.8 Recursive Relationship for Elements of &B 89
6.9 Stationary Case 90
6.10 p(i, j) Satisfied a Difference Equation 92
6.11 Generation of Covariance Matrix Given ao 95
6.12 Generation of o Given the Covariance Matrix p 96
6.13 Computation of %5 u<cC 97
6.14 Computation of Ayje V > C 100
6.15 Stationary (Vi) 101
6.16 Recursive Parameter Estimates 102
6.17 References 105
Chapter 7. On Selecting Sample Points 107
7.1 References 113
Chapter 8. On Linear Estimation with Linear Constraints 114
8.1 Deterministic Constraints 115

8.2 Linear Constraints With Additive Random Components 118

Chapter 9. On Linear Estimation with Inequality Constraints 120

9.1 The Basic Model 120
9.2 General Restricted Least-Squares 121
9.3 General Restricted Formulation 123
9.4 A Non-Linear Estimator 127
9.5 References 130
Chapter 10. On Recursive Estimation When the Covariance
Matrix is Unknown 134
10.1 The Estimators 134
10.2 Properties of the Estimators 137
10.3 References 140
Chapter 11. The Maximum Likelihood Estimates 141
11.1 Summary 141
11.2 Preliminary Notions and Notation 141
11.3 The Estimators 145
11.4 The Case When u = Hax and Covariance Matrix
is Known 145
11.5 References 146
Chapter 12. On Combining Unbiased Vector Estimators of
a Vector Parameter 147
12.1 Preliminary Concepts 147
12.2 The Combined Estimator When the Covariance
Matrices R, and Are Unknown 149
12.3 Recursive Estimation“of the Covariance Matrix 154

12.4 References 157



Preface

The technique and theory for estimating unknown quantities or parameters
from data are not new nor unknown to most mathematicians, biological
scientists, physical scientists, and engineers. However, most developments
of the theory usually assume that one knows or can approximate the
probability density function of the random error which corrupts the data.
Then the problem reduces to estimating the unknown parameters which define
the density function.

Unfortunately, during several years as consultant industrial mathe-
maticians we have found few who assume easily the form of the probability
density function. The assumption of normal errors, that is, errors whose
distribution is the normal probability density function, is indeed
popular but sometimes dangerous.

We know of one case where the height of the hills in Korea were
assumed normal. What this means is fun to conjecture. Even though the
central limit theorem may support the assumption of normal errors there
are certainly times when such an assumption is clearly false. Also, it
is desirable to have a measure of reliability of ones estimate which
(if one can get it) is based on an assumed probability density function.
Usually we simply want to obtain the best estimate from the available
data, hence no density function assumptions are necessary.

It is our intention here to develop a theory of linear estimation
from a non-parametric (that is, with no assumptions concerning the
underlying probability density functions associated with the errors in
the data) point of view and indicate ways to extend this theory to

problems in smoothing, filtering, extrapolation, and non-linear estimation.



Considerable attention, although not formally, is given to the concept
of a robust estimator. A robust estimator is one that is good enough
even though it is used in those instances where theoretically it does not
apply.

The results here are those of a study which led to a rather large
computer program for orbit determination. The technique used in the
program was essentially the one of linear estimation. A large part of the
material can be found in statistical literature, while the remainder is
original with the authors and some colleagues at NASA - Manned Spacecraft
Center, Houston, Texas.

We wish to acknowledge the contributions of Dr. H. P. Decell,

Mr. Eugene Davis, Dr. Byron Tapley and A. H. Feiveson. We express our
respect and appreciation to these colleagues who have taken time during
the last three years to discuss these topics and their applications

to various trajectory problems.



Chapter 1
MATHEMATICAL CONCEPTS

1.1 Matrices

The theory of linear statistical estimation that will be developed
in this report will require some knowledge of the techniques of matrix
algebra. In this chapter we will introduce those matrix concepts which
perhaps may not be found in the usual undergraduate texts on matrix theory.
All matrices will be designated by capital English letters; the
notation A(m X n) = (aij) means that A is an m x n matrix having
h

aij as the element in the:ith row and jt

of rows; j =1,...,n = nunber of colums). All matrices considered will

columm (1 = 1,...,m = nunber

be presumed to have elements aij which are real numbers. A* designates
the transpose of A; thus if A(m X n) = (aij) then A*(n Xm) = (bij)
where bij = aji' In is the (n X n) identity matrix with 1's down
the diagonal and zeros elsewhere; usually the subscript n will be

dropped if the dimension of I is clear from the context. E?S

is the
(n X n) matrix (eij) wuch that I 1 and all other eij = 0;
usually the superscript n will be dropped if the dimension of E  is
clear from the context. A (m X n) is called square if m=n. If A
is square then |A| designates the determinant of A. If A is square

and |A| #0 then AL

designates the inverse of A, and A 1is said to
be nonsingular. € designates the set of all real (n X 1) matrices;
€ will also be called Euclidean n-space, and elements of € called

n dimensional vectors, or just vectors if the dimension is clear from

the context. The symbol 0 will be used to designate either a matrix



which is identically zero or the scalar real number zero, depending upon
the context. Given any x in s [1X[[ = /2™ and is called the
"norm' of x. The symbol "€' will sometimes be used for "in'" in the
set theoretic sense; e.g. "given any xeen” means given any x which
is an element (a member) of the set €ne Let W(m X m) be positive
definite so that W= R'R for some square R, |R| # 0, |R| = R

For any a€e , define Hallw2 a'R Ra = ||Ra[|2.

1.2 The Generalized Inverse gﬁ_g.Matrix

The importance of generalized inverses stems from the fact [4] that

the matrix equation
SB % G

if consistent has a general solution given by
B =S8 +)I - S8y,

where Y is an arbitrary matrix of appropriate dimensions. The matrix

$& is called a generalized inverse of S and has the property

ss8s = s,

Four types of generalized inverses can be defined as follows:

DEFINITION 1.1 S8 is said to be a generalized inverse of S if

(1.1) ss8s = s,



DEFINITION 1.2 S¥ is said to be a reflexive generalized inverse of S

if
1.2) ss¥s = s and sTsst = ST,

DEFINITION 1.3 S" is said to be a normalized generalized inverse Q_f_ S
if

(1.3) ss"s =5, Siss™=SP, and (sSM” = sst,

DEFINITION 1.4 S’ is said to be the pseudoinverse of S if

* *
(1.4) ss's = s, s'ss™ = s, (ss™* = sst, ana (s7s)" = sTs.

The generalized inverse of Definition 1.1 has been studied by Bose
[1] and Rao [6] with special reference to problems in least squares
theory. The reflexive generalized inverse does not appear to have been
studied although its existence was pointed out by Rao, and Frame [2]
has indicated an equivalent type under the term semi-inverse. The
normalized generalized inverse was introduced by Zelen and Goldman [8]
who used the term weak generalized inverse. The pseudo-inverse, which
is unique, was first introduced by Moore [3] and later by Penrose under
the names general reciprocal and generalized inverse, respectively.
Computational aspects have been studied by various authors [2], [6],

(71, [8].

1.3 Some Properties of Generalized Inverses

If we let Gg, G., G, and Gy denote the set of all generalized,

r’ n’

reflexive generalized, normalized generalized and pseudoinverses of a



matrix, then it is clear from the definitions that
< <
G’r Gnc Gr Gg

The present investigation of further relationships between, and
properties of, the elements of these sets is based on examining the
relationship of a property of a matrix S to the corresponding property
of a typical element of Gi’ i=g, r, n, f. The particular character-
istics selected in this investigation are rank, symmetry, characteristic
roots, and characteristic vectors.

THEOREM 1.1 If S8 is any generalized inverse of S then
rank (Sg) 2 rank (S) = rank (SgS) = rank (SSg).

Proof. Since the rank of a product does not exceed the rank of either

factor the conclusions follow from the equations

rank (S) > rank (SSg) > rank (SSgS) rank (S),

rank (S) > rank (SgS) > rank (SSgS)

rank (S),
and
rank (Sg) > rank (SSgS) = rank (S).

In many investigations, it is desired that the rank of S® be the
same as the rank of S. The following theorem indicates a necessary and

sufficient condition for this to hold.



THEOREM 1.2 A necessary and sufficient condition that rank (S) =
rank (Sg) is that S® be a reflexive generalized inverse of S.
Proof. If S% is a reflexive generalized inverse of S an application
of Theorem 1.1 to S8 shows that rank (Sg) < rank (S) and hence
(s8) = rank (S).

Let S be an n X p matrix of rank r. If rank (S) = rank (Sg),

simple matrix multiplication shows that if S 1is expressed as
1

S = Pl' BPZ'l (which is always possible), where
I(r) v 0.
(1.5) B = (.)----_--.;---6!‘29-_-
n-r,r n-r,p-r
and where I(r) is the r X r identity matrix and O is the

T,p-T
r X (p-r) null matrix, then a generalized inverse must be of the form

I Vv
PzBrPl, where BT = [-%!1_-'-WV]

Since PZBrP1 can be shown to be a reflexive generalized inverse of S
the conclusion follows.

It follows from Theorem 1.2 and the definitions that normalized
generalized inverses S" and the pseudoinverse s" have the same rank

as S. In addition the representation S = Pl'lBPZ'1

with B given by
(1.5) shows that rank (Sg) can assume any of the values rank (S),...,n
by appropriately choosing a generalized inverse of B.

If S is Hermitian, then it seems reasonable to inquire into the

Hermitian nature (if any) of the various types of generalized inverses



of S. Examples of generalized inverses of 2 X 2 Hermitian matrices
easily show that generalized inverses, reflexive generalized inverses,
and nommalized generalized inverses need not be Hermitian. For example,

if

then a generalized inverse, reflexive generalized inverse, and a normalized

generalized inverse are given by
1-2i -1 1+i 1 1/2 i/2
, S = , S =

The expression 1/2 (Sg + Sg*) shows that a Hermitian generalized

inverse always exists if S 1is Hermitian. Similarly

-1
) s71 0
ST = ,
0 0
where
511 512
S=
*
512 S22

and (S11 Slz) is a basis for the rowspace of S, shows that a Hermitian
reflexive generalized inverse always exists if S is Hermitian. Note

that

* * 1

512 S12511512



It is easy to show that the pseudoinverse of a Hermmitian matrix is
Hermitian (in fact, Penrose [4] proved the stronger result that S normal
implies st normal). If S is Hermitian and S" is Hermitian then it
can be shown that S =z s',

The characteristic roots and vectors of a matrix are of interest in
many investigations of matrices. It is well-known that the characteristic

vectors of S and S'1

are identical, with the corresponding character-
istic roots reciprocal. It is of interest, therefore, to determine to
what extent (if any) generalized inverses display this same behavior.

It is easy to construct examples of generalized inverses Si, i=g, r,
n, +, which have different characteristic vectors than S and also
examples for which the characteristic roots are not reciprocals, so that
additional assumptions on S are necessary.

We define properties R and V as follows:

A generalized inverse will be said to have property R if the
reciprocals of nonzero characteristic roots of S are characteristic
roots of S® and conversely.

A generalized inverse will be said to have property V if x is a
characteristic vector of S with root A implies that x is a

characteristic vector of S® with AL

and conversely.
Obviously property R 1is weaker than property V. Remarks made
previously indicate that generalized inverses of all types do not

necessarily possess properties R or V.

THEOREM 1.3 If S is Hermitian then S" possesses property R.
Proof. Let X be a nonzero characteristic root of S and x its

associated characteristic vector. Multiplying both sides of the



equation Sx = Ax by ss? yields

X = SSnx.

*

Since sst = gt S we have
— %
»1x = g%,

- * -
Hence 1 is a characteristic root of S® and hence A 1 is a

characteristic root of S",

Conversely let n be a nonzero characteristic root of S and y
be the associated characteristic vector. Multiplying both sides of the
equation Sny = ny by S and using the fact that (SS%) = Sn*S shows

that

s (Sy) = n(Sy).

Hence

n"(Sy) = S(sy).

Thus Sy 1is a characteristic vector of S with characteristic root
-1 . _ Sn*__n_ n_ _ .
n ~. Note that if Sy = 0 then Sy =SSy =0 or Sy =0, which
is a contradiction.
The following lemma gives a sufficient condition for a reflexive
generalized inverse to possess property V.
LEMA 1.1 If S and S* commute then S¥ possesses property V.
Proof. If S commutes with S' then the conclusion follows from

Ax => Sx = ASSTx = A 7Ix = sTx,

1

Sx

sy = ny => S'y = nSTSy =5 n"'y = sy.



This lemma is related to a result of Price [5] who proved that if

Sn

and SJr commute for some 1 then if x 1is a characteristic vector
of S with nonzero characteristic root A it follows that x is also

a characteristic vector of S'r with characteristic root A'l.

THEOREM 1.4 If S is nommal, then S'r possesses property V.
Conversely, if S and S® are normal and S8 possesses property
V, then s = ST.

Proof. By Penrose's Lemma 1.8 we have ss" = s's and the conclusion
follows from Lemma 1.1.

Normality of S, s& and property V imply that the spectral

respectively,

representations of S and S® are I;}E; and Zixi—lEi’

and one easily verifies that ¢ = st,

We note that Theorem 1.2 provides a partial characterization of
a reflexive generalized inverse in terms of rank and that Theorem 1.4
provides a similar characterization (under the assumption that S 1is
normal) of the pseudoinverse in terms of characteristic vectors. No
such characterization has yet been obtained for the normalized general-
ized inverses although Zelen and Goldman [8] have established that st
is a normalized generalized inverse if and only if it can be written
in the form S" = (S*S)gs* where (S*S)g is a generalized inverse of
s"s.

Some additional well-known properties of the pseudoinverse are

given below:
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THEOREM 1.5 For every (m X n) matrix A, there exists a unique
(n X m) matrix, which we shall designate as Af, that satisfied the

following four identities:

(1) AMA = A

2) ATt = A"

3 aaH* = A X m
4) a'A* = A*A@ X n)
Furthermore,

(R1) if D= (dij) is square (m = n) and diagonal (dij =0 for i # j)
+ + . . + . .o ]
then D = (dij) is defined by dij =0 for i#j, dii =0 if
d.. =0, da". = al
ii ii ii

if dii # 0.
* % * *
(R2) if AA=PDP, where PP = PP =1, and D is diagonal, then
x %
A" = PD'P'A.
(R3) if A = BC, where the colums of B are linearly independent

. . + X k.1 k _] %
and the rows of C are linearly independent, then A =C (CC) "(BB) "B .

Thus
(R3.1) At = (A*A)'lA* if the colums of A are linearly independent.
(R3.2) At = A*(AA*)-1 if the rows of A are linearly independent.
(R3.3) A’ = Al if A s square and nonsingular.

THEOREM 1.6 The matrix correspondence A -- A" satisfies the following:

R @AD" =4
(R2) (A*)+ - (A+)* = A+* - A*+
®5) At = A"
(Re) A*AAT = A"
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* *
(RS) AATATT = A"
R6) ATATA = AT
* *
(R7) A TAA=A
E3
(R8) AATA™ = A
* 4% 4

(R9) AATA =4

(R10) A*A*"A" = A

(R11) The row spaces of A" and A* are identical, i.e., the
rows of A’ are in the row space of A* and the rows of
A* are in the row space of A%,

(R12) The column spaces of A" and A* are identical.

(R13) A, A" and A* all have the same rank.

R14) (a5 = AR,

(R15) (AA)*(AA) = A",

(R16) If A" commutes with some power of A and A is any non-
zero eigen value of A corresponding to the eigen vector x,
then A1 is an eigen value of A" corresponding to the
eigen vector X.

(R17) If o« #0 then (aA)' = o 1",

+ *

(R18) 0 =10 .

DEFINITION for A(m Xn) and b(m X 1),
(A,b) = A'b + a1, - A+A)§n
LEMMA 1.2 The element of least nom in (A,b) is A'b.
LEMMA 1.3 Let x € &y Then x € (A,b) if and only if
A(x - A'b) = 0.
LEMMA 1.4 Let x € £y Then x € )A,b) if and only if
A (A - b) = 0.
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LEMMA 1.5 Let A(m X n), N(n X n) nonsingular, M(m X m) non-
singular. Then (AN) (AN)' = AA" and (MA)T (MA) = ATA.

LEMMA 1.6 Let A(m Xn), and N(n X n) nonsingular. Then
(A,b) = N (AN,b).

LEMMA 1.7 Let V = S2 be positive definite (n X n), A(m X n),
b(m X 1). Then the vector (n X 1)x of least |]x]| |v
in (A,b) is given by S_l(AS'l)+b.

LEMMA 1.8 The following statements are equivalent:

(1) The colums of A are linearly independent.
(2) A*A is nonsingular.
(3) A'A = 1.

THEOREM 1.7 The equation Ax = b has a solution (vector) x if
and only if AA'b = b, If the latter equality holds then x is a

solution if and only if x € (A,b).

THEOREM 1.8 (Least Squares). For A(m Xn) and b(m X 1), the set
of all (n X 1) vectors x such that |[|Ax - b|| is a minimm,
is (A,b). Also, the n X 1 matrix (vector) of least norm such that

|Ib - Ax|| is minimized, is A'b. .
COROLLARY 1.8.1 For A(m Xn) and b(mX 1), and W(m X m) = RR
which is positive definite, the set of all (n X 1) vectors such
that ||Ax - b| |w is a minimum, is (RA,Rb). The vector of least
norm such that ||Ax - bj Iw is minimized, is (RA)'Rb.
COROLLARY 1.8.2 Let V= S2 be positive definite (n X n), W= RZ
positive definite (m X m), A(m X n), b(m X 1). Then the set of all

(n X 1) vectors such that ||Ax - b lw is a minimum, is (RA,Rb).
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The vector of least 'V' nomm such that ||Ax - b||, is minimized,
is s"1(ras™H)*rb.

THEOREM 1.9 let A be mXn and Z be any m X 1 matrix (vector).
Then there exist m X 1 matrices (vectors) x and y such that
1) z=x+y
(2) x 1is in the colum space of A

(3) y 1is orthogonal to the colum space of A

Any vectors satisfying (1)-(3) above are unique, and

4) x-= ATz
(5) y=z-A"z
(6) x*y =0

Thus AA® is the projection which takes any colum vector (m X 1)
into the colum space of A; Im - M is the projection which takes

any (m) vector into the orthogonal complement of the colum space of A.

THEOREM 1.10 For the matrix equation A X B = C to have a solution, a

necessary and sufficient condition is

amter's = ¢

in which case, the general solution is
X = AcB" +Y - ATAYBE"

where Y is arbitrary to within the limits of being consistent with

the demension in the indicated multiplications.

Proof: If X satisfied A X B = C,

C=AXB=AAAXBR'B = ma*cB'B.
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Conversely, if C = AA+CB+B, AtcB' is a particular solution. Clearly,
for the general solution A X B =§ must be solved. Any expression

of the form
X=Y -AAYBB

is a solution. The only property required property of A" and B is

2
>

A

&
to
"
v}

COROLLARY 1.6.1 A necessary and sufficient condition for the equations
AX = ¢
is
x=Ac+ (I-AAy

where y is arbitrary, provided a solution exists.

THEOREM 1.11 A'A, AA", I - A'A and I - AA* are hermitian idem-

potent. If H 1is hermitian idempotent, then H = H,
Proof: The proof requires a straightforward application of Theorem 1.1.

In general, the reversal rule, (AB)+ = B'A" as in the case of the
standard inverse, does not hold. R. Cline [11] obtained the following

results.

THEOREM 1.12 Let A and B be matrices with the produce AB defined.
Then,

+
(AB)" = By+A +
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where:

AB = AjB)
+

B, = A'AB

+

A) = AB)B)

Proof: The produce AB can be written as

+ +
AB—AAAB—AB1=AB1B1B1—A1B1.

Let y = AB-= AlBl and let x = B1+A1+. Then it is only necessary to
show that y and x satisfy the equations in Definition 1.4. From

s ias + _ + +
the definition of A, we have that AlBlBl = ABlB1 BlBl = Al' Now

+ + + . P - T =
yX = AlBlBl A1 = AlAl is hermitian. Also yxy = AlBlBl A1 AlBl =

+- +, + +,, + +, + +
AAp ARy = ABy =y and xyx= By A (AR By A = By A AN <
B1+A1+ = X. In order to show that xy is hermitian, we observe first

that using the definitions of A, and B

1 1 that

A+Al = A+AB1B1+ = A+A(A+AB)B1+ = A+ABB1+ = B1B1+.

. + + + . + + ..

Also, since A1 AlAlBl = AlAl , with both Al A and BlBl hermitian,
+, + + . . + + . +

BlBl. Al 1 = Al A1 Substituting A A1 for BlBl gives A1 A1 =

+ + + + +
AAlAlAl-AA1 and so A; A = BB, .
this i follows that xy = B.'A."A'B =B, "B.B.*B, = B."
From this it now follows that xy = By A AB =

1717171
is hermitian. Since it has been shown that y and x satisfy the

1 By

defining equations for the pseudoinverse, x = y+. But x = B1+A1+.
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It is of interest to show that (AB)+ = B'A" under certain
conditions imposed upon A and B. The following theorems were
obtained by T. M. E. Greville [10]. In fact, he defines ¢t as

the unique matrix satisfying these two equations.

THEOREM 1.13 If A and B are otherwise arbitrary matrices such

that AB is defined, (AB)' = B'A" if and only if both the equations
+ * % %
(1.6) A'ABB'A = BB A

and
1.7 BBYATAB = A"AB

are satisfied.

Proof: Multiplying (1.6) on the left by B' and on the right by
* * * *
(AB) +, using the fact that c'cc =CcCc’c=C and using the fact

* *
that cC'C* =C*C'C=C in the form
* *4
(AB) (AB) (AB) = AB
gives
* &
(1.8) B'A*AB = (AB) (AB) & = (AB)'(AB).
Similarly, taking transposes of both sides of (1.7) gives
® % & %
1.9 BAABB =B AA,

*
and then multiplying on the right by A" and on the left by (AB) *
P * 4 * * Xy %4 %
and using the fact that CCC =CCC =C and CCC =C CC=C

leads to the equation
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(1.10) ABB*A* = AB(AB)”.

In view of the fact that CC' and C C are projection operators on
R(C) and R(C*) respectively, we find that (1.8) and (1.10) express
the fact that B'A" is the generalized inverse of AB, as defined by
Moore.

Conversely, (AB)+ = A" implies
® % ® %
BA =BATABBA .
. * . * oot * .
Multiplying on the left by ABB B and using B BB =B gives
* + % %
ABB (I - AABBA =09,

where 6 denotes a null matrix. As the left member is Hermitian and

I-A'A is idempotent, it follows that
+ ® %
(I - AA)BBA =9,

which is equivalent to (1.6). In an analogous manner (1.7) is obtained.

+ + .+ . . + * * 4
THEOREM 1.14 (AB) = B A" if and only if both A ABB and A ABB

are Hermitian.

Proof: If A ABB is Hemmitian, we have
* *®
AABB” = BB A'A,

%
and multiplication on the right by A gives (1.6). Conversely,

®
multiplication of (1.6) on the right by A * gives

* *
(1.11) A*ABB ATA = BB A'A.
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Since the left member of (1.11) is Hermitian, the right member is also.
In a similar fashion it can be shown that (1.7) is equivalent to
the statement that A*ABB+ is Hermitian,
It will be noted that an equivalent statement to the condition in
Theorem 1.14 is that A'A and BB* comnute and also A*A and BB'

commute.

THEOREM 1.15 (AB)* = B*A" if and only if
+ * % + ® %
(1.12) A ABB A ABB = BB AA.
Proof: Multiplying (1.12) on the left by ATA gives
+ * % + + * %
(1.13) A ABB A ABB = A ABB A A,
Combining (1.12) and (1.13) gives
+ %k % * %
A ABB AA=BBAA,

and multiplication on the right by At gives (1.6). An analogous
process leads to (1.9), which is equivalent to (1.7).

On the other hand, if (1.6) and (1.7) hold, multiplying (1.6)
on the right by A and then using (1.9) to transform the left member
gives (1.12).

Equations (1.6) and (1.7) have a simple interpretation in terms
of range spaces. They assert, respectively, that (A*) is an
invariant space of BB* and that (B) is an invariant space of A*A.
In some particular cases this interpretation leads to a characterization

of those matrices B that satisfy (AB)+ = B'A" for a given A.
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For example, if A is of full colum rank, A'A =1 and (1.6) is
immediately satisfied. Then (1.7) holds if and only if B 1is a null
matrix or (B) is the space spanned by some set of eigen vectors of
A'A,

THEOREM 1.16 (AB)+ =B'A" if and only if both the equations

(1.14) A*AB = B(AB)*AB
and
(1.15) BB*A = A"AB(AB)"

are satisfied.

*
Proof: Multiplication of (1.6) on the right by (AB) * gives (1.14),
*
and conversely multiplication of (1.14) on the right by (AB) gives

(1.6). Similarly it can be shown that (1.15) is equivalent to (1.9).

THEOREM 1.17 A necessary condition for (AB)+ = B'A" is that A'A

and BB+ commute.

Proof: Substitution of B'A" for (AB)+ in (1.14) and multiplication
on the right by B* gives

ATasB* = BB A*ABE'.

As the right member is Hemmitian, the conclusion follows.
That the condition of Theorem 1.17 is not sufficient is clear from
the example:
1 0 0
A= , B= , (Bt =( 1, B'AT=(1 1).
1 1 1

As A is nonsingular, A'A = AMA =1, and the condition is fulfilled.
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It is easily seen that the commutativity of A'A and BB' is

equivalent to either of the conditions
A*app*A" = BB*A”

and
BB'A'AB = A'AB.

These equations can be interpreted as asserting that (Af) is the
direct sum of a subspace of (B) and a space orthogonal to (B) and
that (B) 1is the direct sum of a subspace of (A?) and a space
orthogonal to (A*). These observations reveal something about the
structure of matrices A and B that satisfy (AB)+ = B'A". It is
easily seen that (1.6) and (1.7) are equivalent to the following two
equations:

%
(I - A"A)BB A'A = 6.
(1.16)

(I - BBHA ABB"

[
@

Equation (1.16) shows that if B 1is resolved into the two component

matrices,

By = A'AB, B, = (I - ATA)B,

* *
then not only do we have B, B, =198 as expected, but also BZBl = 8.

%*
Similar remarks apply to the resolution of A into

* 4+ * % 4+ %
A =BB'A, Ay =(I-BB)A.
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1.4 Quadratic Forms

DEFINITION 1.5 If X is an n X1 vector whose elements are in the
*
complex field, then the complex type quadratic form X AX is defined
n n
as )} [ X.x.a... Similarly if the elements of X are in real
i=1 j=1 tJ Y

field, then the real type quadratic form XTAX is defined as

n n
§=1 §=1 xixjaij’

The following definition will be given only for the complex type

quadratic forms. Similar definitions hold for the real type quadratic

forms.

DEFINITION 1.6 The rank of the quadratic form X*AX is the rank of

the matrix A.

*
DEFINITION 1.7 The quadratic form X AX 1is said to be positive

*
definite if and only if X AX > 0 for all vectors X # 0.

*
DEFINITION 1.8 The quadratic form X AX is said to be positive

*
semi-definite if and only if X AX > 0 for all vectors X.

THEOREM 1.18. A necessary and sufficient condition for a Hermitian
(symmetric) matrix A to be positive definite is that there exists

*
a nonsingular matrix P such that A =P P(PTP) .

DEFINITION 1.9 A characteristic root of a n X n matrix A is a scalar
A such that AX = AX for some vector X # . The vector X is
called the characteristic vector of the matrix A.

A necessary and sufficient condition for an eigen vector to exist

is that there should be a solution of (A - AI)X =0 for which X # 0.
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Such a solution will exist if and only if det(A - I) = 0. Since the

th

det(A - I) is a polynomial of the n~ degree in ), it will certainly

have a zero, real or complex.

THEOREM 1.19 The number of nonzero characteristic values of a matrix

A 1is equal to the rank of A.

THEOREM 1.20 The characteristic roots of a Hermitian (symmetric)

matrix are real.

THEOREM 1.21 The characteristic values of a positive definite matrix
A are positive; the characteristic values of a positive semidefinite
matrix are non-negative,

THEOREM 1.22 For every symmetric matrix A there exists an orthogonal
matrix P such that PTAP = D, where D is a diagonal matrix whose
diagonal elements are the characteristic roots of A.

It is sometimes advantageous to break a matrix into submatrices.

This is called partitioning a matrix into submatrices. The following

example will illustrate the above. Let A be an n X n matrix and

write

A1 M2

Ay A

where A11 is ny Xml, A12 is n, X (n - ml), A21 is (n - nl) X m ,
and A22 is (n - nl) X (n - ml).

The product AB of two matrices can be made symbolically even if

A and B are broken into submatrices. The multiplication proceeds as
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if the submatrices were single elements of the matrix. However, the
dimensions of the matrices and of the submatrices must be such that they

will multiply.

THEOREM 1.23 If A 1is a positive definite symmetric matrix such that

A1 Ap

A A

21 22

and if B is the inverse of A such that

Bi1 By

B B

21 22

and if B.. and A.. are each of dimension m, X m,, etc. then
ii ii i i

1 -1
By1 = A - AMoAn
Bl -
22 = Mgy - AgiA 11 Az
(1.17)
1, -1
B2 = - AhiaBe;
B, = -1
21 22A21 11

*
THEOREM 1.24 If P1 = P0 + A A where P0 is an (n X n) positive

definite matrix and A is any r X m matrix, then

-1
1

= p'l

(1.18) P 0

1% -] % -1
-POA(APOA + 1) APO
-1
0

-1 %
definite. Hence it follows (APolA + I) 1is positive definite which

Proof: Since P0 is positive definite, then P is positive
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-1.% -
implies (APolA + 1) 1 exists. Therefore

- * - %* - * - - * -
I+ P.iA"A - PolA (APOIA + D) 1(AP01A + 7 1A

-1
P.P 0

11

| = I,

The above inversion formula (1.18) has been used extensively in

L the sequential estimation theory for updating estimates as more samples
are observed [12] and [13]. It is of interest to know when a formula
similar to (1.18) holds for pseudoinverses since in some applications

P0 may be Hermitian positive semi-definite.

THEOREM 1.25 If PO is a positive semi-definite (Hermitian) m X m

*
matrix and A is an r X m matrix with P1 = P0 + A A then

+ +
(1.19) Pl = PO

+

+ * + % -1
-POA(APOA + I) APO

if, and only if, the null space of A contains the null space of PO.

Proof: Since PO is positive semi-definite, then PO+ is positive
* &

semi-definite which implies x (AP0+A +I)x >0, xe Xm and
% * * -
X (AP0+A + I)x = 0 if and only if x = ¢. Hence (AP0+A + 1) 1
exists. Suppose N(A)D N(PO). Then N(Pl) = N(PO) since
N(Pl) = N(PO)[\ N(A). To show that P1+P1x = x, for each st(P0+).
L P*y, then P.*P.x=x+P *A"Ax - P A ap A" + D7l A" + 1
et xaR(O),ten 1 X =X 0 - P (0 (0 ).
Ax = x. Since Xm = N(PO) + R(P0+) , then anm can be written as

+ + +
X=X +X where )cleR(P0 ) and XZEN(PO)" Thus P1 Plx = P1 Plx1 = X,
Hence P1+P1 is a projection operator on R(P0+).

% * -
Conversely suppose Pl+ = PO+ - P0+A (APO+A + I) lAPO'*. Thus it

follows R(pl")c R(P0+) and N(P) = N(P))N\N(A) which implies
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R(Pl+)c:R(P0+) and N(Pl)C:N(PO). But the only way this can be true is
for R(P;") = R(P,") and N(P) =N(P) which implies N(A)DN(P).
+_ % + *
To show that (P;P;") = PP and (pl*pl) = (P1+P1) observe
that

* * * % * - *
P, ") = PR, + AR - AT(aR,TAT + ) (apgTA” + 1) TIAR) "]

+
PoPo

+
P1P1 .

%
A similar argument shows (P1+P1) = P1+P1.

1.5 The Crout Factorization

Let P = Cpij), i,j=1,2,...,n, be positive definite, real, symmetric

matrix. It is shown in Gantmacher [15], that P has a factorization
(1.20) P=1TT,

where T is lower-triangle, with positive elements on the main diagonal.
If the existance of the factorization (1.20) is given, then it is easy

to show how to compute the components tij of T in the order
ij = 11, 21, ..., nl; 22, 32, ..., n2; ...; mn.

Since tij =0 for j > i (1.38) states that

(1.21) Py = §=1 tixt i

First we compute

(1.22) ty] = Pyp
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The other elements in the first colum are

(1.23) ti =t Py, = 2,3,

If the preceding colums k < j have been computed, we compute the

diagonal element.

-
2 \1/2

1.24 ti.= (s - ) te)Y2

(1.24) i3 = @53 é_l DY

If j <n, the elements below the diagonal are computed from the formula

-1 j-1
.2 t..=t.. L., -
(1.25) ij @35 E

ij . tiktjk)’ i=j+1, ..., n.
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Chapter II
MINIMUM VARIANCE LINEAR UNBIASED ESTIMATION

In this chapter we will formulate and prove the well-known [1],
[2], [3] Gauss Markov Theorem. Briefly, the theorem directs our
attention to a simple form of a minimum variance linear estimator which
is remarkably applicable to most any kind of estimation problem. It
has at least two forms and is used directly and indirectly in almost
every field of the sciences in which data is collected to estimate a

parameter.

2.1 The Classical Form 9£ the Gauss Markov Theorem

The theorem as is usually stated is as follows:

THEOREM 2.1 Let y = Hx+v be a linear statistical model, where vy
is a p x 1 vector of observations; H is a p x n known mapping
matrix of rank p <n; x isa nx1 unknown state (parameter)

vector and v is a p x 1 random vector such that
Ev=1¢
Eovl = R,

a positive definite covariance matrix. Then the minimum variance

linear unbiased estimator of x, denoted by x is given by

2.1) x = @R HR Yy,
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Proof: Since we require that x to be linear and unbiased then x

must be of the form x = By and Ex = X, respectively on selecting
2.2) B = @R Rl

we see that x 1is indeed linear.

(R ) R Yy = @R ) TR LE(y)

Consider E(i)

= @R WR Gy = @R ) TR L = x.

®
Hence, x is unbiased.

*
Let x be any linear estimator of x. We can write x as

*
where B is a mapping matrix. Without loss of generality we can

write
%
B =B +C,

*
where B 1is defined by (2.2) and C is the residual matrix B -B.

Then
(2.3) x =x + CY,.
*
We require that x to be wnbiased, that is,

* -~
Ex =EX+CY)

ke
]

E(x + C[Hx + V)
= x + CHx,

which in turn requires that

(2.4) CH = 4.
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®
Consider the covariance matrix of x denoted here by

* *
C(x ,x T) T

* *
E(x - x)(x -Xx)

E(x +CY - x)(x + CY - x)¥

E[(x - X)(x - x)7] + E[C¥(x - x)"]

+ E[(x - x) YIC!] + E[cYY'CT)
or
Cx, x 1) = C(x, <0 + E[CHx + V) (x - )]
+ E[(x - x) (Hx + v)1C'] + E[CYY L]
Consider the temm

E[C(HX + V) (x - X)7] = E[(Gkx(x - x)7] + E[Co(x - x)7]

+ Btova'R 1) TR vy

i

etov[ R 1) TR L ax + v)1T)

E{CV x HR IR 1H)}

+ E cw R IR 1y 1

0+ cR RIH@ R g1

R L = 0

It follows then that

cx X1y = ar Tt o+ crel.
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In order to minimize the variance of the elements of the vector we
minimize the diagonal elements of CRCT, a positive semi-definite
matrix. That is, we require that the diagonal elements of CRCT
be zero. But in order for the diagonal elements to be zero and

CRCT to be positive semi-definite, CRCT = 0, But R 1is nonsingular,

hence C must be the null matrix.

COROLLARY 2.1.1 If R in (2.1) is simply o°I, then (2.1) reduces to
(2.4) x = a1y

the least square estimator for x, whose covariance matrix is
(2.5) @m L.

The proof is given by replacing R by 021 and noting that the

solution minimizes the error sum of squares,

@ - 1T - 1)

()
o
]

1]
ot~
(]

)

where e = {ei}.

By using the properties of the pseudo inverse of a matrix an
easy extension of the Gauss-Markov theorem is possible. In order to
obtain a yet more generalization of the theorem involves rather
complicated range space arguments hence that generalization is given

in Chapter III.
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THEOREM 2.2 Consider the linear model described by the vector equation

y = H x + v

px1 pxn ix1  px1
where, E(v) = ¢ and E(VVT) = R is positive definite. The minimum
variance linear estimate X of x such that E()Ac) = X whenever X

is in the range space of HT is given by

(I) Forrank H=n <p
x = ERMH + #rly = @l Wrly

- (HTR‘ 1H) + = (HTR-lH) '1

Ve
|

(II) For rank H=p <n

« = R IEHR Y = H'y

R: = HRH)HRT

Proof: We require that )Ac= By and E(x) = x whenever x 1is in
the range space of H. These requirements imply that E(;c) = BHx,

which = implies that for x in the range space of HT,

H'Hx = BHx = x

so that BH = H'H on the range space of H'. Moreover, | |E(x) - ;c||
is minimum for x in the range space of HT. The covariance matrix
of Pg( of the estimate x is given by lg‘( = BRBT and must be

minimized subject to the constraint BH = H'H. To do this we adjoin

constraint BH = H'H to BRBT using a matrix Lagrange multiplier A

and find conditions necessary to minimize

Q = BRBY + AT[H'H - H'BT] + [H'H - BH]A.
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Employing the variational technique we obtain the first variation 6Q
6Q = 6B[RBL - HA] + [BR - A'H ]4BL.

Since 6B is arbitrary, we find that setting 6Q = ¢ implies

T,,T

BR - ATH! = 4
or
B = ATHIRL,

Multiplying the latter by H we obtain

v = AHIR

Tn-1

so that using (Theorem 1.10) and setting H'R"H = M we have

AT = H+ M+ YT - mf']

where Y is arbitrary to within having the dimension of AT.

In case (I), rank H=n < p so that M is nonsingular. Moreover,

(Lemma 1.8) implies H'H=1 so that

To-1

M+ HR 1,T,-1

=M “H'R

v~/
[

and

x = HRIM*HER y= @R®R 1 HERY

R= @R = @r
This completes the proof of case (I).
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In case (II), rank H=p <n so that by (Lemma 1.8) we have

HU'HT = 1. Applying (Theorem 1.12) with A = HR! and C=H we

have

+ To-1

c, = A"Ax = @R YR 14

1

and
+
A1 = AC1C1 .

It is easy to see by direct substitution into the four defining

equations for (HTR'1)+ that (HTR"1)+ = RH' and hence that

c, = R HRH = H

A, = KR = WIR
Finally we have

@R " = ¢A] = HRaT

and the estimate x of x is

= (@R + v - @RI e R Y

~
|

or

>

- @R = HRYy + v = HYy.

~
§

This completes the proof of case (II).
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2.2 The Recursive Fom g_f_ the Estimator

In real time estimation problems (filtering [4], [5], [6]) it is
necessary that the estimator be written in a recursive form. This can

‘be done easily by the following formulation:

~

~ . 1, -1, -1
Xy = Xyep  Xpop RN ] BN Yy

where Xy is the best estimate given N data vectors Y (px1) where

Yy = [‘yl‘\ a Npxl
72

N

vector of observations

HN___ ghla\ eN=~e17
h, €,

iy Ly

is Npxl mapping matrix relating Y,,, X the parameter vector and

the Npxl error vector ey in the linear model

YN = HNXJ'eN .
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Assuming that the covariance matrix of ey is block diagonal, that is

= Gov(eN) = V11 ¢ ces 0
¢ \'

then

-~ ~ -

z><
=
i
7
£

=

+ hyViahyd UV 1Yy

or

- s T -1 T -1
Xy = Xyop * [y VNorfv-n * Biaen! HN 1"N-17N-1

1

NSRS PV W N e

+ hv

which reduces to

1T -1
Xy = XN1+[HNlNlNl+hNVNNhN] RV [yyg-hyy.q]

since

Xy-1 = [y g ViogEd Vit Yo

A recursive form for the Cov XN can be obtained using the "'inside-out"

rule for inverting the sum of a positive-semi definite matrix and a
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positive definite matrix (See page 25). That is,

-~

Cov XN

[V !

T -1 T -1, -1
(Hy-pVn-1N-1 + PVt

T -1 -1
(Hy_1VN-1Py- 1)

T -1 -1,T T -1 1.1
(Hy o1 Vet (o Vnafn-1) " iy
(Vs T = Cov Gy p)

C°"(XN-1)}‘§[VNN”’NC°"(§(N-1)"NT] “hy Cov(y_q),

which gives a recursive way for computing Cov(XN) as a function of the

Cov(XN_l) .
This technique allows one to invert large covariance matrices by

simply inverting a smaller dimensional matrix.

2.3 The Gauss-Markov Theorem When the Parameter Vector is Random

In section 2.1 the parameter vector X was assumed to be a constant
vector. There are instances when it is natural to assume that the

vector x in the linear model
(2.6) y=hx +v
is random with the following statistical properties

(2.7) E(x) = ux

(2.8) E-wy) (x-u,) = Ree
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The vector v is a p x1 vector of random elements such that

(2.9) E(v) = ¢
(2.10) E(wl) = R
(2.11) E(vxT) = ¢

From (2.7) - (2.11) it follows easily that

(2.12) E(y)= hu
%W=Ebf-mkﬂy-m&-lmQT
= B(hx + v - hu)(hx + v - hu )"
= E[hx-u) Goud B+ vieu) T+ hxeu vl + w')
(2.13) %y=h§xﬂ=R

_ . Y C O _ NI, T T, _ T
Also ny = E[x ux)(y uy) ] = E[(x ux)(x ux) h* + v'] RXXh .
We will consider the class of estimators defined by the formula

(2.14) X =a+ Ay

where a 1is a vector of real numbers, A a matrix defined on the real

numbers selected so that

(2.15) E[x - x] = ¢
and
(2.16) Q=E[x - )(x - ¥

is minimized in the usual sense.
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Consider the constraint (2.15)

E(;(-x) = E[a + Ay - x]

-
11}

or

-
]

+ -
a AhuX My
Two cases are immediate. These are

(1) My is known

(2) My is unknown.

THEOREM 2.3 Let a + Ay be a linear estimator of x in the linear

model (2.6). Then the optimum values of a and A for which
T
Efa + Ay - x][a + Ay - Xx]
is a minimum are

(2.16) a

-
7

*

(2.17) A

T T -1
Rxxh [thxh + R]
The variance of the estimator is

TT -1
Rxxh [h Rxxh + R] thx’

Proof: Let ;( = a + Ay be an estimator for x. Let My be known and
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E[(x - X)(x - )]

o
1]

E[(a+ ay - x)(a+ Ay - X)T]

T T T T T,,T
+ A - + + A[R__+ A
aa auy au, Ap a [ uyu ]

T,,.T T
- A[RyX + uyux] - Wy al - [&Cy uxuy]A R tougyl

A necessary condition for Q to be minimal is for the first variations
in Q with respect to a and the first variation in Q with respect
to A to be simultaneously the null vector and the null matrix,

respectively. Let GaQ and § AQ denote these variations. Hence

§.Q= a[aT + u')l:AT -ul +[a= Auy - uX]GaT

AQ‘GA[ua +(lg,>, uu)A -(Ig,x+uu)]

[au + A(lg,y * ug ) + uxug)]GAT-

}’

The constraints GaQ = ¢ and § AQ z ¢ for all 6a and SA respectively

implies that

% *
a + A uy S My 0
T T . L. . .
and + A(R__+ - (R . The first condition implies
" auy ( vy uyuy) ( Xy uxuy) mp
a =y - A uy' Since “y = hux, it follows that

* A'h
a = u, - Ahu.

The second condition implies that

x ‘1., .T T -1
A= RORG = R IR h™ + R]
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the desired results. We note that
’ . -1
(2.18) X =q + %%(y -hux).
The covariance matrix, PS?’ for x follows easily from the definition
-1 -1
> =R R_R
R XY}S’Y Yy yy
-1
= R_R "R
Xy yy yx
T Tp-1

-1
(h R}Q(_h + R] "h &m

}go(h

The proof is complete.

It is clear from (2.16) or (2.18) that if My is not known then

the estimate (2.18) is not computable. Consider the case for wu x is

not known.

THEOREM 2.4 The optimal values of a and A for which
(1) E[a + Ay - x] = 0 for all values of My
(i1) Ef(a + Ay - x)(a - Ay - x)T is a minimum
are
A= (R thlrL
The covariance matrix of the estimator is

(IR 1n) L.



Proof: The condition (i) implies that

a+Ahux- = ()

Hx

for all My This in turn implies that

a + (Ah - I)uX =0
for all My Hence
a=¢
Ah - I=4%
or we select A so that
Ah = I,
Let
(2.19) Q=E[Ay - X)(Ay - )71 + AT[I - hTAT] + [I - An]A

where A 1is a vector of Lagrangian multipliers. Substituting

Ah =1 and y=hx+ v into (2.19) we get

Q= ARAT + 2 T[1 - nTAT) + [T - AnDa.

44

Equating the first variation of Q with respect to A to zero one

obtains
(2.20) AR - AThT = ¢
AR = ATHT
2.21)

AThIR™

A
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Multiplying both sides of (2.21) by h on the right
I=x"h'Rn.

From (2.21), it follows that

A= (AR 1n) InTR7L

2.4 On Estimating a Subvector of x

The minimum variance linear unbiased estimate for x in the

linear model

y=hx +v
is by Theorem 2.1
(2.22) x = (R TRy

Let x be partitioned such that

(1)

X

(2)

X

where xcl) is q x1 vector and xcz) is n-q x 1 vector. Suppose
we wish to estimate x(l). by a minimum variance estimator and yet not

estimate the total vector x by using (2.22).

THEOREM 2.5 The minimum variance linear unbiased estimator for x(l),

the first q elements of X is given by the vector (2.24).
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Proof: By partitioning the covariance matrix of x we can write the

covariance matrix IS*( of xcl).

T. -1 T -1
hR M, Ry
A T - -1
(2.23) R + [(hjh)) RIhnh)yyt=
T -1 T -1
hoR ', hR M,
Inverting the matrix (2.23) we find that
_ 1,y ool o To-l -1 Tp-1y 4-1
= Ry - bR hy (R hy) iR h ]

-1 -1 T,-1, -1, T,-1 -1
[hl(R -R hl{hZR hz} hZR )hl]

Following the form of (2.22) we write

(2.24) x

a _ 1l o To-l -1 To-ly, -1
= R - Ry R T, TR Ry ]
h®" - R n thoR My TRy,

On taking the expectation of x(l)

since

1 1

_ 1 o1 1 To-ly 4ol -1 .-
= [hy (R - R™hy (h,R™hy} "h Ry 17 x
e
T,-1 -1 T -L .-1T-1
hy(R™ - R hy (h,R7"h,y} "hyR™ (hyhy)
(2)
(1)

=X

-1 T,-1, -1, T,-1 (2) _

2

The fact that x is minimum variance implies that indeed x(l) is

minimum variance.
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This partitioning can help in eliminating the necessity of computing

unwanted parameters which may represent systematic sources of errors.



2.5

(1]
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(3]

[4]

[5]

(6]
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Chapter III
A GENERALIZATION OF THE GAUSS-MARKOV THEOREM

This chapter contains a generalization of the Gauss-Markov Theorem
based on the properties of the generalized inverse of a matrix as defined
by Penrose. A minimum variance vector estimate x of a parameter
vector X 1is given for the linear model of less than full rank. Since
linear unbiased estimates may not always exist for this case the unbiased

constraint is replaced by the more general constraint that the nomm
[EG) - x||

is minimized.

3.1 Introduction

Several authors [1], [2], [3], [4], [5], and [6] have considered
least square and minimum variance estimation of parameters in a less than

full rank linear model,
(3.1) y = Hx + e.

In (1) y denotes a p x 1 vector of observations; H a known real
p Xxn matrix; x an n x1 vector of fixed but unknown parameters to
be estimated; and e a vector of random errors such that E{e} = ¢
and E{eeT} =V, a positive definite matrix, where E and ¢ denote the
expectation operator and the null vector, respectively.

It is well-known that in the full-rank case (rank of H equal to

n) that the Gauss-Markov theorem yields the minimum variance linear
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unbiased estimator x where

-1 T
)l 1y

(3.2) x = HV
Its covariance matrix RY is simply

(3.3) @y iy -1

In [6] Decell and Odell showed that if the rank of H is p < n,

then

(3.4) x=Hy
and

(3.5) R; = H'w'T

where the superscript * denotes the generalized inverse [7] and [4].
It is interesting to note that X in this case is also the least square
estimate of x.

For practical reasons most investigators studied the problem of
minimum variance estimation for those parameters or those linear functions
of parameters which are linearly estimable [8]. It is our purpose in
this chapter to formulate a generalization of the Gauss-Markov theorem
which will include the results (2) and (4) as special cases and discuss

briefly the meaning that can be attached to the estimator.

3.2 Notation and Preliminaries

We seek a linear, minimum variance, unbiased estimator x of x,

if such an estimator exists. That is, if x = By, we are to find a real
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matrix B such that Ex = x and P;( = E[(;c - X) (;( - x)T] is minimum
in the sense that if 2z 1is any other linear unbiased estimate of x and
VZ = E[(z - Xx)(z - x)T], then qT[VZ - V)‘E] q>0 forany px1 vector
q = ¢. These conditions imply that E()E) = HBx = X so that BH = I,
where I 1is the n xn identity matrix.

If the rank of H is p < n we cammot require that E(;c) = X,
since in this case H has no left inverse. We can, however, modify
this requirement by requiring the nomm ||E(>Ac) - x|| be minimum and
then in turn select from this class of linear estimators one which has
minimun variance with respect to the range space of HT. The norm used
here is IIE(;c) -x|| = [(E()A() -x)T (E()E) - x)]%,’. Such an estimator will

be called a best linear estimator.

To facilitate reading, we list again some properties of the Penrose

{71, [4], [9] pseudo-inverse used in obtaining this result.

P1) For every matrix A there exists a unique matrix A

such that
AA A=A
AR
Attt = ata
aahHT = ',

We call A" the pseudo-inverse of A,

+

P2) (AC)" = c’l' AI where AC = A;Cj, C; = AAC, and A; = AC c]

p3) @aHT = @h*

P4) All solutions of the matrix equation AXB = C are given by
X =Ac + y - ATAYBB® if and only if M'CB'B = C where

Y has the dimension of X.
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P5) Range of AT equals the range of A+, that is
R(AT) = R(A+). A'A and M’ are, respectively, the
projection operators on the range spaces of A" and A.
P6) For any nxn matrix A and vector z, z =z, + a

1 2
where zlsR(A+), azeN(A), and zq is orthogonal to Z,.

3.3 The Main Result

We are now ready to establish a generalization of the Gauss-Markov

Theoremn.

THEOREM 3.1 Consider the linear model described by the vector equation

y = H X + e
px1 pxn nxl pxl

where E(e) = ¢ and E(eeT) = V 1is positive definite. The best

linear estimator x of x is given by:

x = MEV Yy
and

ve=M
where

M = H v IH.

Proof: We require that ;(= By and E(x) = x whenever xeR(HT).
These requirements imply that E(x) = BHx and (P5) implies that

for x in R@HD,

H'Hx = BHx = x.
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T
Let x = X, + X, where xleR(H ), xZeN(H).

Then
[|EG) - x|| = ||Bix, + Bix, - x|| = |[Bi; - x|| = |Ix,]].

Thus it follows that IIE(;C) - x|| is minimum with respect to R(HT)
for xéR(HT) . The covariance matrix V;( of the estimator ;c is

given by V}‘( = BVBT and must be minimized subject to the constraint

BH = H'H. To do this we adjoin the constraint BH = H'H to BVBT
using a matrix Lagrange multiplier A and find conditions necessary to
minimize

Q = BVBT + AT [H'H - HIBT] + [H'H - BH]).

Employing the variational technique [3] we obtain the first variation

8Q,
6Q = B[VBL - HA] + [BV - AH!] BT,

Since 6B is arbitrary, we find that setting 6Q = ¢ implies

BV - ATH! = 4
or
B = ATHT '1.

Multiplying the latter by H we obtain

H'H = A1y g
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T,-1

so that using (P4) and setting H'V 'H =M we have

Al =M+ y -
where y is arbitrary to within having the dimension of )\T. To see

this we need to show that
H'EM'M = H'H.

HHEV ) @V i = 5.

It follows that R(M+) = R(MT) = R(M). Hence we must show that

R(M) = R(H!). We observe that R(H)=R(M) and N(H) =NM).

Suppose there exists xeN(M) such that x¢N(H). Then Hx # 0 and

Mx = 0. But since V_1 is positive definite xTMx # 0 which implies

Mx # 0. This is a contradiction. Hence N(H) = N(M). Since R(MT)

and N(M) are orthogonal spaces and their direct sum is the n-dimensional
vector space X, it follows that R(M) = R(HT) . We now observe that the
colums of H'H are in R(M+) thus M'M{'H = H'H. Taking the transpose

of both sides gives
H'HMM = H'H.
Assume that the rank of H is q <min (n,p). Then

Agly1

o
il

o +y (1 - wipEvt

MHV L+ y 1 - mi) BV,

To establish the second term is ¢ , i.e. [I - I\dlvl‘\]HT\/"1 = ¢,
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we observe that [I - MM+] is an orthogonal projection on the null space
of M. We need to show that N(M+) = NH). Since M= HTV'IH, then
it certainly follows that N(M) = N(MT). Also note that N(M) =N(H).
Thus suppose there exists an xeN(M) such that x¢N(H). Hence, it
follows Hx R(H). Since V-1 is positive definite, then V~1 does not
rotate Hx into the null space of HT. Hence HTV'IHx # 0, which
implies x¢N(M). This is a contradiction. Thus N(M) = N(H). Now
N = NMD) = NMY)  which implies N(M") = N(H) and consequently

(I - MVI*')HTV.1 = ¢ since R(HT) = N(H)'L, where (-)_L denotes the

orthogonal complement of (+). Hence

x = By = MHIV ly

and the covariance matrix

R; = BvBY = Mmv'T = M

the desired results.

It should be noted that if the rank of H is equal to n < p, then
HH=1 and x reduces to (3.2) and its covariance matrix is given by
+

(3.3). If the rank of H is p <n then HH' =1, EVDH* = viI* and
(3.4) and (3.5) follow.

3.4 Comparison of Least Squares and Minimum Variance Estimates of

Regression Parameters

It is of interest to compare the least squares estimate of the state

vector to that of the minimum variance estimate of the state vector.
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Magness and McGuire have been able to give an extensive analysis in
comparing these two estimates whenever the regression matrix of the
linear model is of full-rank (colums linearly independent). They were

able to establish the inequality

1 1 1
Vie <1 (A +A_. ) (= + —)V,
LS — 7 “Y'max min’ ‘A ‘ Ain MV

where VLS and VMV are the covariance matrices of the least squares
estimate and minimum variance estimate, respectively. A max and 2 min
are the maximum and minimum eigen values of the correlation matrix o
of the error vector. The above inequality places an upper bound on how
much is lost by use of the least squares estimate of the state vector
to that of the minimum variance estimate of the state vector.

In the following theorem it will be shown that the least squares
estimate of the state vector will have the same covariance matrix as
that of the mean-square-error estimate of the state vector, whenever

the regression matrix of the linear model has all of its rows linearly

independent.

THEOREM 3.2 Consider the linear model described by the vector equation

y = H X + e

px1 pxnnxl pxl
where E(e) = ¢, E(eeT) = V 1is positive definite, R(H) = p. Then
the covariance matrix of the least-squares estimate of the state
vector equals the covariance matrix of the mean-square-error estimate

of the state vector.
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Proof: The least squares estimate of the state vector is

~

X

+ T
LS " amt vy

+

Hy.

i

The corresponding covariance matrix is

+ . T+

Vie = HVH |

LS

The mean-square-error estimate of the state vector is by Theorem 3.1

)2 = H+y.

The corresponding covariance matrix is

Thus it can be seen there is no loss in using the least squares
estimate whenever the rows of the regression matrix are linearly

independent.
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Chapter IV
THE GAUSS-MARKOV THEOREM AND ITS
RELATION TO CONTINUOUS RECURSIVE ESTIMATION

Kalman [1] noted that there existed a direct relationship between
the so-called recursive estimators associated with dynamic linear models
and the minimum variance unbiased estimator for a fixed1 parameter

vector related to an observation vector by the following linear model:
(4.1) y(t) = H(t)e(t,T) x (T) + v(t)

where y(t) 1is an observed p x 1 vector function of the real variable
t for ty <t <T. Also, H(t) and ¢(t,T) are known p xn and

n x m matrices whose elements are real valued functions of t; x(T) is
an n x 1 fixed vector of unknown parameters we wish to estimate; and

v(t) is a random p x 1 vector of random real valued functions of t

such that,

(4.2) E{v(t)} = 0 for ty<t<T
and

(4.3) E(v(t)v(s) ) = R(t)s(t,s)

where &(t,s) =1, 0 if t

s or t# s, respectively. The symbols
E{-} and {+} denote the expected value and the transpose of {-},

respectively.

1 If the parameter vector Xx(T) 1is random and independent of v(t)
for all to <t <T and Ex(T) is not known it can be shown that
the estimate defined by (4,6) 'is still best.
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4,1 The Gauss-Markov Theorem for Continuous Data

The following definitions and theorems are basis for the logical

development of the relationship:

DEFINITION 4.1 By a linear estimator ﬁ (for continuous data Y(t) of

a linear combination of the elements of x(T), say

(4.4) 1= plx(T)

we mean

(4.5) =T W)yt at
t

0

where p is an arbitrary but known constant vector, and w(t) is an
arbitrary (at least piecewise continuous) vector function of the real

variable t.

It is clear that ﬁ is a random variable, since it is a function
of the observations Y(t). The Gauss-Markov theorem notes that by
selecting w(t) properly one obtains a minimum variance unbiased linear
estimator for I which yields a minimum variance unbiased estimator for
x(T) if the vector p is chosen as the unit vector which forms a
basis for the n-dimensional Euclidean space.

Consider the following Gauss-Markov theorem for continuous data:

THEOREM 4.1 The minimum variance unbiased linear estimator x(T) in

the linear model defined by (1) is Q(T) where

T

(4.6) x( =M1y, m e, H(t) RL(e) y(o) at
t

0
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4.7 M(tT) = T 6l (t,T) H (1) R7I(t) Ht) o(t,T) at
t
0
and in (4.3)
R(t,s) = R(t)6(t,s) where 6(t,s) =1 for t=s, =0

for t # s.
Proof: In (4.5) let
w(t) = RH(t) H®) o(t,T) M (e Dp.

Since M-l(tO,T) is symmetric it is straight forward using (4.7) to
show that 1 is an unbiased estimator for 1, that is E{I} = 1.
% ~
Let T # 1 be any other unbiased estimator for n, then we can

write

*# T T
(4.8) = s [w()+r()] y() dt.
t
0

*
Since En = I, it follows that

(4.9) /T ree) Ht) o(t,T) dt = 0
t
0

R
Consider the variance of 1, that is

BT w() + r©)]T v(t)dt]?
t
0

%
Var (1)

BT T [s(t) + )17 v(t) vi(s) [w(s) + r(s)]T dtds)
tO tO
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= 1wl ) R wer) at + 2T P () R(L) w(t) dt
to to

+ /T 2T REY) T(o) dt.
tg

Note that

T ) Ry wen) dt,
t

0

Var(n) =

/Fr(t) R(E) r(t) dt > 0
%

since R(t) is positive definite for all t in the interval

[tO,T] and by (4.9) and the definition of w(t)

T R wit) dt = L Fle) Ry R HeE) o(t,T) dt
%y %

-1
M= (tg,Tp
= 0.
Hence,
* -~
Var (n) > Var T

for all r(t), and equality holds for r(t) = O.
If p=e;, i=1,..,n the wmit matrix with wnity in the i™
position, then the minimum variance linear unbiased estimator for X(T)

follows and is given by (4.6).



63

4.2 A Dynamic Model

In application associated with linear dynamic filters the ''so-
called" state transition matrix ¢(t,T) is obtained from a system of
linear homogeneous differential equations which usually appear in the

form
(4.10) &) - £ox(e) + GO
where the vector u(t) may be one of the following

1) u(t) =0
2) u(t) is a continuous time series from a random

process such that
4.11) E{u(t)} = 0 for all t
(4.12) Efu(t)ul (s)} = Q(t,s).

Usually Q(t,s) is assumed to be

(4.13) Q(t,s) = Q(t) &(t,s)
where

1 if t=s5s
(4.14) s§(t,s) =

0 if t #s

the so-called ''white-noise' case.

For given x(t), t, T the solution of (10) is well-known

(4.15) X(T) = v(T,0)x(t) + /X (T,s) G(s) u(s) ds
t



where y(T,t) is a non-singular matrix such that

@) BT, = ¥(T,t) ¥(ty,0)

i) L -y,

Generally one knows that

(4.16) y(t) = H(t) x(t) + v(t)

64

and from (4.15) one obtains the transition matrix ¢(t,T), that is

417 x@®) = v NI, x(M + T, T eT,s) G(s) uls) ds
t

We shall consider here the case where u(s) = 0, and later the other

case. , that is
x(t) = ¢(T,t) x(T)
where
(4.18) 8(t,T) = v 1(T,t).
Note that from (i) that
vimn = vle,n viae)
or

(4.19) o(t,T) = @(t,tl) ¢(t1,T).
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Substituting (4.18) into (4.16) one obtains the linear model defined

by (4.1) and Theorem 4.1 applies.

4.3 The Recursive Form of )Ac(T).

Using the linearity properties of the integral operator and (4.19)

one can give a recursive form of the estimator x(T). Let t, be such

1
that to < tl < T. Then

- t
X(T) = M‘l(tOT) s ¢T(t1,T)@T(t,tl)HT(t)R'l(t)y(t)dt
t
0

+

ot e, DE (R L)y t)de
t

1
Also
M(tT) = tzl o (t),T)0T (t,t )H (DR (WKL) o (t,t)0(t,,T) dt
+ 1o, M R L OH®) oL, T) dt
Y
= ol (¢, ,TIM(ty,t))e(t,T) + M(t;,T).
Hence
(4.20) x(t) = [oF (t), TIM(ty,t,)0(t;,T) + M(t,, )]t

[6 (&), TIMCty,t )X () + Mty ,DIX(T)]
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where

XM =Mt D /T e e, DE R 0y () dt.
t
1

Note that by (4.3) that X(T) and x(t;) are independent, and (4.20)
is the familiar formula for combining independent unbiased estimators
of x(T).

Let

X(T) = ¢‘1(t1 TIX(E,)

®
and x(t) be the unbiased estimators of x(T) since

EX(T) = q»‘lctl,'r) x(t)) = x(T)
and
*
Ex(T) = x(T).
Also we note that
Var x(T) = @'1(':1 ,T) M"l(to,tl) qs'T(tl,T)

[o7(t;,T) M(ty,) o(t;, D)1

and

[
zl
oy

~

d

-t

.
~—

%
Var x(T)
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Hence (4.20) can be written as

x(T) = [M(EG,T) + M(t;, D)) e, TT X(T) + M(t),T) x(T)]

[Var X(T) L + (var 011! [ar D)7 T(D)

X 1%
+ (Var x(T) "x(T)]
or equivalently

x(T)

* — * 41—
Var x(T) [Var x(T) + Var x(T)] ~ x(T)
+ Var X(T) [Var X(T) + Var x(T)] L (1),

a form of the Kalman Filter.

4.4 A Modification for Correlated Noise

Suppose that the assumption (4.3) is replaced by
- R(s,t) = R(x)

where 1 = |s - t|. That is, the stochastic process from which y(t)
is a time series is covariance stationary.

We define (if the integral exists)
P (w) = [wel“” R, (1) dr
sometimes called the power density spectrum [2]. If

w(t) = }° g(t) v (t - 1) dr,

-00

then
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W(w) = G(w) V(w)

where W(w), G(w) and V(w) are the Fourier transform of w(t}, g(t),

and v(t), respectively. Also it is straight forward to show that

W(w) W () = G() G (0) V() V (0)

Py = [6(w)|* P (w).
If we require w(t) to be uncorrelated, that is,
Ew(t)] = 9
and
Ew(t)w' (t) = Ry(t) 8(t,s)
then
Py(w) = C

where C is a constant. Let C=1 then

1

G(w) = [m] 1/2
v

if G(w) exists for all w.

But G(w) = F(g,t), the Fourier transform of g, hence
R |
g(t) =F (G’“’) .

the inverse Fourier transform of G(w).
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It is immediate if
[P )] >0

for all w then G(w) is well defined. For those cases in which

g(t) 1is defined we simply compute

y(t) = [ g(t) y(t - 1) dr

-0

h(t) = ? g(t) h(t - 1) dr

and consider the model
y(t) = H(t)e(t,r) x(x) + u(t)
where

u(t) = f g(t) u(t - 1) dr = w(t).
The conditions of Theorem 4.1 are valid and (4.6) can be used for
estimating i(r) if y(t) is replaced by y(t); H(t) is replaced by
H(t); and R(t) replaced by Rw(t).
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Chapter V

MATRIX LOWER BOUND FOR THE COVARIANCE MATRIX
OF A VECTOR:ESTIMATE

A matrix bound similar to the Cramer-Rao lower bound [1], [2], [3],
for the covariance matrices of vector estimates can be formulated in a
matrix notation which facilitates in the search for vector estimates
with minimal covariance matrices. (We recall that one positive definite
covariance matrix is by definition less than or equal to another
provided the second minus the first is non-negative definite.) The
derivation presented here is similar to that of Cramer's [4] in which
he establishes the efficiency of vector estimates using the concept of
ellipsoids of concentration.

A matrix lower bound for the covariance matrices of unbiased
vector estimates of the unknown parameters in the linear regression
model with correlated normal error is established. A direct result of
this application is that the best linear estimate given by Gauss-Markov
Theorem [5] still yields the minimum covariance matrix when compared
with other vector estimates from the larger class composed of linear
and non-linear vector estimates. This result has been noted [6] for
the case of uncorrelated normal errors. When the variance is known,
the result obtained here is similar to that given in [1] for estimates

of various scalar functions of the parameters.

5.1 The Matrix Lower Bound

Let the joint density function of n random variables

_ T
Y=Y, oo, Y10 be
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(5.1) L = L(yl, LU Y Yn; 81’ ss ey Bp)

where B = [31, o Bp]T are unknown parameters which we wish to

estimate. The symbol Ai

denotes transpose of A; and the symbol E
denotes the expectation operator. An arbitrary n X m matrix A will
at times be denoted by {aij}g, while the null matrix and the identity
matrix will be denoted by ¢ and I, respectively.

By definition of joint density function, it follows that

(5.2) 1= Jfo..JLdy..dy

-00 -

It is assumed that the following regularity conditions hold:

. a =] _ (=] waL
(1) r"[f...de)’l...dyn]——cfo...f-a—B—;dyl...dyn

-0

.y D > N §
(11) _a—B—J:' [-ioou-i TiL dylo.'dyn] = —iooc_i Ti —a—B—j- d 1 .dyn

where T = [Tl’ T2’ ceey Tp]T is a vector function of the elements of
Y. The vector T is an unbiased vector estimate for 8.
On differentiating both sides of (5.2) with respect to Bs and by

condition (i) one obtains

]

0= J.uo J

-00 -

oL
"a—é'; dyln undyn

(5.3)
0= o S (F oLy, .dy,
1

- 00 - Q0
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(5.4) E[aaén L1 i=1,2,...,p.

Let the p X1 vector S of random variables be defined by

9 1n L}l

(5.5) S = {&Z—
56. P

with mean vector by (5.4)
(5.6) E(S) =

a p Xp covariance matrix E(SST) = A, that is

(5.7 {E[a ln L3 In L1}

aB.
j P

a positive definite matrix.

Let T be an unbiased vector estimate of 8, then
(5.8) B, < Jooo S TiL dyl...dyn i=1,2, ...,n.

-0 -00

On differentiating with respect to Bj both sides of (5.8), it follows

if condition (ii) holds that

o2 3L _ 9 In L
(5.9) 6ij = _i -i T1 BBJ dyl ..dyh = _i. _i T 8Bj L dyl...dyh
= E[Tisj]

where Gij =1,if i=j and Gij =0, if 1 # j.

Let the covariance matrix of T be I, that is

(5.10) I = E[(T-8) (T-8)"]
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a positive definite matrix.

Consider the 2p X 1 vector v which is built by adjoining the

vectors T and S,

(5.11) v=(" : sH

The covariance matrix Rv of v follows from (5.7), (5.9) and (5.10)

and is

(5.12) R =

since E(TST) = I 1is the covariance matrix of the vectors T and S.
We note that RV is positive definite, which implies Rv‘l is positive

definite. Let RV'1 be partitioned compatibly with (5.11), that is

RN = [l pl2]
21 22
where each submatrix Aij are p Xp matrices. The inverse of the

principal submatrix [5]

1 1

-1 _ - v _ -1
A11 = -ITA"I=2-A

is also positive definite, hence we conclude that

(5.13) £ >t

the desired matrix lower bound.

5.2 ég_égglication

Let the n X 1 observation vector Y be related to the p X1

vector of parameters according to the linear model
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(5.14) Y=XB +e

where X is a known n X p mapping matrix and e is a n X1 normal
random vector, whose mean vector is E(e) = ¢, and known n X n covariance

matrix
E(eeT) =R

The probability density function of the observation vector Y is

(5.15) L= 25;%377 PV (-110r-X T Rl X &)1}
We note from (5.14) that

(5.16) E(Y) = X 8

(5.17) E(YY') = R + X 88X\,

and from (5.15) that

(5.18) e Ry -x'rlxe

It follows that (5.7) and (5.18) that

(5.19) A= RIY - X rlxgpadl vy -xTrlx Ty

On expanding the right side of (5.19) and substituting (5.16) and (5.17),

the inverse of the matrix bound is found to be

(5.20) ol L ¥
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The desired bound is by (5.13)
x'rlxl
which is clearly the covariance matrix of the vector estimate given by

the Gauss-Markov Theorem, that is

= RIxnT xRty

It is immediate that the minimum variance unbiased vector estimate

for CT 8, where C 1is a vector of constants, is simply CT é
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Chapter VI
BEST LINEAR UNBIASED ESTIMATION BY RECURSIVE METHODS
WHEN THE OBSERVATIONS ARE CORRELATED

In this chapter a set of recursive formulas will be developed for
obtaining the (B.L.U.) estimator for a large class of error correlation
models as described in equation (6.4). The advantage of these formulas
is that the storage and computational requirements are greatly reduced
over the classical solution when the amount of data is much larger than
the parameter C. For the case of stationary errors the recursive
formulas are only slightly more complicated to implement than the least
squares solution for moderate values of C. Thus by using the formulas
developed in this chapter, B.L.U. estimators can be used in practice in

the later case without undue computational penalties.
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6.1 Correlation Model

Let Y be an n X1 observation vector such that the ith element

Y of Y 1is an observed scalar at ts i=1,2,...,n. Let
(6.1) Y=HX+V

where H is an n X h known matrix, X is an h X1 vector of

parameters, and V is an n X 1 error vector such that

EV = ¢
(6.2)

EGW) = 0 = (0(1,3) and 0(i,3) = E(v;,v),

th th

v., v. are-the 1 and j elements of V. We note that v, is

i’ 3
not necessarily a stationary process nor are the observations necessarily

)

equally spaced. However, whatever the set of spacing tl = (tl,tz,...,tn
of the observations are, the corresponding matrixes H and p must
be known. The indicated notations of equations merely maps t. > i
for convergence of notation.

The problem is to obtain a Best Linear Unbiased Estimate (Markov
Estimate) of X, denoted by i. By definition p is a real and

symmetric and it will be assumed positive definite. The solution for X

is well-known [1] and is given by

-1,,T -1

(6.3) x = 15 1y 1T Ly,

Although the Markov estimate is an optimum estimator, its application

in practice is severely limited by the requirements of obtaining p'l'

for large n.
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In the material to follow recursive solutions for X will be
considered. These recursive solutions will considerably reduce the
computation and storage requirements as compared to a non-recursive
solution.

In the present discussion the correlation matrix is restricted

to one of the following cases:
(6.4) a: p(i,j) = 0 whenever |i-j| > C

b: p(i,j) satisfies a linear difference equation

of order C with variable coefficients.

For 6.4a it will be assumed that the covariance matrix p is known.
For 6.4b one may assume that the coefficients of the difference
equation are known and derive the p(i,j) satisfying the difference
equation or one may be given p and derive the coefficients.

The general solution will be presented for the non-stationary

process. However if vy is stationary then the solutions obtained

are greatly simplified. The solution for 6.4a will be presented first.

It will be shown that the computational difficulties increase
quadratically with C for case 6.4a. Thus if condition 6.4a is not
met by the actual covariance function, one can take successively

larger values of C to obtain a better representation of the process

(Vi). One then must weigh the gain in statistical accuracy against the

increase in computational complexity.
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6.2 The Solution

Since p is positive definite, then so is p-l. Thus p and

p can be uniquely decomposed into
(6.5) o t=sls, p=stsh?

where S 1is a lower triangle matrix with positive diagonal elements.

Substituting (6.5) into (6.3) we obtain

(6.6) x = @sTsy ™t HlsTsy.,
Letting
6.7) HTsT = g7

SY = Z,

then (6.6) becomes
(6.8) x = (878) 1 gz

Equation (6.8) is known as the least squares estimate of X corresponding
to the transformed observational vector Z. Thus equation (6.1) becomes

under the transformation 6.7
(6.9) Z=8X+ w,
where w = SV. The covariance of w 1is given by

E(SWIST) = spst

E(wa)

1
s shHt sf

)
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or
(6.10) E(wa) = I,

Under the transformation 6.7 the problem has been reduced to
determining the transformation S from a given covariance matrix o
and manipulating the equations to minimize the storage requirements

of components of S, H, and Y.

6.3 Determination of the Transfommation S

One may determine the matrix S satisfying 6.5 in the following

way. Consider

w = SV,
Let S'1 = AL, where A is lower triangle and ¢ diagonal, which implies
(6.11) V= Alw,

where EV = ¢, Eu = ¢, E(W!) = p = (0(i,j)), and E(wul) = I.

Equation 6.11 can be written as

m
(6.12) v, = §=1amjojwj, m=1,2,...,0.
Let Ajj =1, j=1,2,...,n. Thus it follows
-1
2, _ vt 2 2, 2
E(v) = o(m,m) = Z_ Amjoj o
j=1
which implies
-1
2 _ T2 o2
(6.13) o = p(mm) - ) ;\njoj , m=1,2,...,n.
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Now if one considers

m
E(vv;) E[(§=l ahgojwj)(allclwl)]

_ 2 _
= 4181191 = e (1L,1)
then
1
(6.14) Aml=-;%ﬁ%—, m=1,2,...,0.
Also

m i
E(vai) = E[(Z A o.w)( A.,o.w])]

a1 W I I gep ittt
oy 2 2
p(m,i) = Ailgl + ..t AmiAiiGi
which implies
i-l 2
(6.15) Ami = ) 5 ,M>i, L=1,...,m
o,
i

Thus the above formulas allows one to calculate the coefficient Ami

recursively given p(i,j). If (6.4a) holds a simplification of the

above formula results. Assume (6.4a) holds, then
m-1i>C

implies from the above formulas that Ami = (0. For suppose t is such
that m -t >C and m -t -1 <C, then formula (6.14) implies Aml =0
if m-1>C and from formula (6.15) A . =0 if m - i > C. Hence

Ami =0 when m- 1 >C, Thus (6.12) becomes
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m
(6.16) v, = ) Amjoj"’j , m=1,2,3,...,
j=max(1,1+m-C)

and if n-m>C, then m< 1+ m- C implies

m m
E[(} Anjojmj) o) Amjajwj) ]
j=max(1,1+n-C)  m=max(1,l+m-C)

E(Vn,Vm)

(6.17) = 0.

Thus A 1is a lower triangle matrix with at most C, non-zero diagonals,

i.e.

(6.18) Aps = 0, (@3) 2 C
(m-j) < 0.
th

6.4 Computation of the m— Row of A

Let m>i,i=m,m-1,m-2, ..., m-C+1;m=2,3,... .

Then by applying (6.18) to (6.15) we obtain

i-1

. 2
P -1 Axg“ijzjl
_ j=max(1,m-C+

O.
1

Since A . =0 when m - i > C then the computation of the mtP TOW,

A(m)’ of A requires the storage of at most the last C rows of A that
is A(m)’ A(m-l)’ ceey A(m-C+1)’ and the sequence

{ojz},j=m,m—1,m-a, veeym-C+ 1.
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Since each row A(u), u > C, contains (C-1) non-zero coefficients

Ao i.e. Ay Au,u-l’ cees Au,u-C+1 are possibly different from zero
but Au,u—C’ Au,u—C—l’ ceey Au,l are all zero, then the storage is of
the order of (C-l)z.
6.5 Computation of (djz)
Equation (6.13) becomes
m
2 _ ) 2 2
(6.20) o." = p(m,m) ZAmjaj .

j=max(1,m-C+1)

Now is i=m-C+ 1 in (6.19) then we must require the storage of
the sequence {ouz}, u=m-2C+2,m-2C+1, ..., m-C+ 1. Thus
one sees that the storage requirements for the mth row of the matrix A
increases as C2 and is not a function of m. Hence for large m this
represents a substantial storage savings. These properties follows as

a consequence of property (6.4a).

6.6 Inversion of A Matrix
The discussion so far has considered recursive methods of evaluating

the elements A i of A, However from the equation w = SV one sees
1

that the desired transformation S is in termms of A ~. Therefore we
will now consider properties of the elements bkr of A_l.
Let
1 r=1,2,3,...,n
B=A"= {bkr}

w
[}

1,2,3,...,n
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Since A = {Aij} is a lower triangle matrix it follows that

1

(a) A~ is lower triangle matrix

(b) Ajj = 1 implies bkk =1,

and finally let k > r then

k-1 T

by =-1 biA.
kr ar jrkj k

1,2,0 ) ’k‘l
(6.21)

2,3,.00,n

kth th

To see formula (6.21) multiply the row of A times the r

colum of B. Thus we get

Akrbrr * Al<r+1br+l,r oo ® Aklk-l’br-l,r * Akkb,,r -
or
Iz)-l
b, = b. A ..
kr Sar ir kj
(6.22) bkk =1, k=1,2,...,n
(6.23) b =0, k<t

Using formula (6.18), we note that formula (6.21) becomes

(6.24) b

Equation (6.24) leads to a very useful relationship between the

observed sequence {yl} and the transformed sequence Z = SY. Thus

-1,-1

one has Z = I "A Y which implies

0
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k
1
(6.25) zk-a—z_ by k= 1,2,...m.
k-1
(6.26) - —-[yk * Z P 1.

Substituting (6.24) into (6.26) one obtains

k-1 k-1

(6.27) Z, = [y -1 1 b.
k k7o BT

Fix j = k-1, k-2, ..., k-C+1 and noting (6.25) for k > C, then

) k-1 k-1
2 =lyqy - A ; -
k™ o Uk g_dbk-l,r K, k-t L Pz, k-2 T
k-1
-1 L Pr-ce1, ik k-co1Vr ]

- A

1
o—k'[yk " A 1%-1%%-1 T A k-1%k-25x-2

i, k-C+1%-c+1%k-c+1]

C-1

1
6.28 =l o7 A z
(6.28) ok 121=1 K, k-uCk-uZk-u]

For k < C, take y =10 if v <0.

th

Equation (6.28) shows that to generate the k transformed variable Zk

one requires storage of the previous C values of Z and the

th

coefficients of the k~ row of A as well as the present and C previous

values of Oy Thus as n gets very large and one wishes to compute

Z the transformed data need be stored over a span of C observations

n+l’
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rather than n, since Z 0 satisfies a linear difference equation with

non-constant coefficients given by (6.28).

6.7 Recursive Relationships for the Parameter Estimates
th

Let )“((n) be the Markov estimate based on an n dimensional
observational vector, and define H(n) correspondingly., Let us assume
th_at an estimate )‘((n) has been obtained and that m additional
observations have been made, and it is desired to obtain a Markov
estimate of XT based on the (m+m) observations recursively in terms
of )‘((n) .

The first n2 terms op(i,j), i,j = 1,2,...,n of the covariance
matrix do not change as p goes froman n Xn to an (n*m x (n+m)
matrix. Similarly the first n rows of matrix H of equation (6.1)
are unaltered by the addition of m rows to H. Thus the first n rows

of matrices A and Al

, and I are also unaltered as these matrices
change from n X n to (n+m) X (n+m) matrices by the addition of m
more observations. The net effect is that the first n rows of the Z
vector and the first n rows of the B matrix are umaltered. Thus

let B(u) be the B8 matrix based on the first u observations and

similarly for Z(u). We may write (6.6) as

(6.29) gowm) | )’ en)y -1 )T

We may partition matrices B and Z as follows,



88

(6.30)

(n)
(m+n) _ Z
(6.31) YA [- 5 - -]

Thus (6.29) becomes

- T T
X(m+n) = [B(n) B(n) + GSTGB]-l[B(n) Z(n) + GBTcSZ]

(6.32)
A,m m-1 T m T
= (I+4) (8" 8Y7) = [V ZY7 + 6B 6Z].
A A T
(6.33) Xm0 _ o p T r® 4 (g7 g@)y 10T,
where
T my-1.T

(6.34) a= 8@ gMy1sgTsg,

We note that A 1is at least positive semi-definite and has eigen
values greater than or equal zero. Let X be the maximum eigen value
of A. Then [15] if A <1, (I + A)'1 permits an expansion of the
form

(6.35) T+ ta1-a+a%-a0+....
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If A << 1, then

I-A‘

[ ]

(6.36) T+l

T
In many applications if n >> m, (8 (m) B(n)) is i1l conditioned and

therefore (6.35) is a very useful approximation for obtaining

T T
(6.37) eWm gmy-1 = (1 _5ye® " gmy-1

and for direct substitution into (6.33).

6.8 Recursive Relationship for Elements of 68
1

From (6.7) and S~ = AL we may write

(6.37) a=SH=z:AH=(s ).

The elements Buv of B8 are given by

1l u
(6.38) B = — b .h
uv o JZ=1 uilyv
1 u-1
6.39 = —— h + -h- Y
( ) Uu[ uv §=1 uj JV]

Substituting (6.24) into (6.38) we obtain

1 u-1 u-1
By~ oty * L Ay D Byghyyl
i=u-C+1 j=1

Fix i = u-1, u-2, ..., u-C+1 and noting (6.38) for u > C, then
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Bav = EE[huv " Auu-1%-1%0-17 v T Ag,u-2%u-2Pu-2 v
"o Ay u-c%u-ce1bu-ced
C-1
(6.40) - —[huv Z.= j\x,u-jsu-j ,vou-j] :

That is for each column of B, the elements in the vth colum satisfy

the same difference equation as do the Z variables of (6.28). To
obtain the elements of &8 we note

u=m+l,...,n+m

o8 = (Bu,v

)
v=1,2,...,h

It is therefore only necessary to store additionally the C previous

rows of the matrix B(n) .

6.9 Stationary Case

Let us assume that condition (6.4a) holds and in addition
p(1,3) = o(li-j]).

Then from (6.19) with m > i > C

2 = -
Apioy = e(m,1) Z 1\“] ij J
) j=m-C+1
which implies
L 2
(6.41) po(m,i) = ZAmJA1J j

]
©
B
\,.:
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i+l
. _ .y L 2
(6.42) p(m*l,i+1) = p(m,i) = | A1, iRi01,5%5
j=m-C+2

Equating (6.41) and (6.42) we obtain that w sufficient condition for

(6.41) and (6.42) to be satisfied in that

(6.43) Ani%5 = Anl 5410541

Formula (6.43) follows by letting t = j-1 in formula (6.42). Since
formula (6.43) holds for j = m, then

(6.44) oj = °j+1

=g, j2m>C
Anj = Am1,541 j =mme1, ..., mCHl]

Thus each diagonal‘of matrix A has constant value from the Cth TOW.

The elements of §Z and 68 are easily obtained as follows. Let

(6.45) Auv = A‘uv,u C,v=u,u-1,...,u-C+1°

Then from (6.28)

C-1
=1 .
(6.45) 2y = =y IZFlAk,k_u oZy )

Y C-1
N £=1Ak,k-uzk-u » k220

and from (6.40)

huv -1
(6.46) ﬁu’v =5 L 1’\1,u-j8u-j v , u> 2C

=

oS~10)

el



92

(n*n)

The computations of 6&Z, &8, §, and X proceeds similiar to the

above. 6.8 p(i,j) satisfied a difference equation.

6.10 p(i,j) Satisfied a Difference Equation

We will now develop recursive estimates of )‘((n+m) based on
condition (6.4b): First the general case of non-stationary (vi) will
be considered. The simplification of the solution when (Vi) is
stationary will be shown. An approximate solution will be demonstrated
for a class of processes which are asymptotically stationary. Finally
the nature of the covariance matrix will be discussed when the time
varying coefficients of the difference equations are taken as constant
(model of reference 12). The approach will be to obtain a partitioning

1 aTa. The

of p-l into a lower triangular matrix a such that o

procedure then for obtaining )*((n+m)

will be as previously shown. The
problem will be considered from two points of view. In the first case
it is assumed that the coefficients of the difference equation are given
and it is required to generate the elements of p. In the second case
it will be assumed that one is given the elements of p and is required
to generate ao. In the latter case it will be required to insert matrices
of order min (u,c) for row u of a. However, when (Vi) is stationary
or the diagonals of « are constant then all rows of o are equal for
u > ¢ and only the inversion of one matrix of order c¢ is required to
obtain all rows of o for u > c.
Let the random sequence {Vi} satisfy
u
(6.47) w, = ) ajuvj
j=max(1,u-C+1

u=1’2’000’n
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with « w > 0 for each @, and @i real,

That is o = (c;i j) is a lower triangle matrix (zeros above the main

diagonal) with at most C nan zero diagonals. Thus (6.47) can be

written as
(6.48) w = av.

Now it follows that E(w) = ¢ and E(mwT) = I, Hence we can write

u

z @ -0 0 G,k
j,k= 1,u-c+l)

(6.49) E(mﬁ) -

It follows that
-1
(6.50) V=a w.
Multiplying each side of (6.47) by Vi U 2 k then using

1

v, = }): dsjw; where  {dj;} = o~ one finds

I is It

u
E(viw,) =) dujp(j k). But
j=max(1,u-c+l)

X K
E(vi,uy) = E(§=ldki“’i‘“u), = gzldkiaiu

Y

which implies

u
(6.51) duu =) a.ujp(J ,u)
j=max(1,u-c+l)
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Thus we note (6.51) shows that the covariance function p(j,u) satisfies
a difference equation with time varying coefficients o s and forcing

function duu‘ To evaluate duu note that

(6.52) EOWD = p = o« o HT
or

u
(6.53) ) aujdjv =8, VIu

j=max(v,u-c+l)
Letting u = v then

(6.54) a d =1
which implies

(6.55) d_ = oL,
Similarly for u = 1,2,3,..., k=1,2,...,u-l

u
6.56 e d. .. =0
(6.56) L %uj“j,j-k

j=max (u-k,u-c+1)

or

u-1

(6.57) d =-d 7}

u,u-k uu %395, u-k

j=max(u-k,u-c+l1)
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6.11 Generation gﬁ_Covariance Matrix Given «.

Given the coefficients %3 of o one can generate the elements

of p as follows. Since

u
dkkaku = Z “uip(j,kJ s
j=max(1,u-ct+l)

then for k=1

1 u-1
qu=2 ays0 (351 + g (w,1)
j=max(1l,u-ctl)
or
1wl $1u
(6°58) p(u,l) = a - Z aujp(j ,1) + "
ud j=max(1,u-c+l)
Therefore
_ 1
(6.59) p(1,1) = = .
*11

One may then compute p(1,u), u = 2,3,...,n recursively from (6.58).

Also the u=k

k
= Loyyp G,k )
j=max(1,k-c+1)

1
(6.60) —_
%Kk

For k=2

(6.61) p(2,2) = ajt (-ap; (2,1) + ajp).
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Since p(2,1) is obtained from (6.58), we may solve for p(2,2). We

may now generate for u = 3,4,... .

1 u-1
(6.62) p(2w) = - =1 «.0(2,3) .
22 . J
j=max(1l,u-c+1)

By a similar procedure we may solve for each p(u,u) from (6.60) and
obtain

1 u-1

(6.63) p(v,u) = - —) a,ip(G,V) , u = v+l,v2,..0 0.

o
uu j=max(1,u-c+1)

6.12 Generation of o« Given the Covariance Matrix o

The problem of more practical importance is the generation of the
matrix o« from a given p. In general given a positive definite
' covariance matrix p, the inverse p-l is also positive definite and

there exists a unique decomposition of o as given by

(6.64) ol = oo

into the product of a triangular matrix and its transpose, where «
has positive diagonal elements. This requires in general that the
summation of (6.47) be from j =1 to u. The effect of the trans-
formation (6.47) is to require that aij = 0 whenever (i-j) > c,

so that the difference equation which is satisfied by p(i,j) is of
maximum order C. If this condition is not actually met then (6.4b)
can be considered as a Cth order approximation to the true difference
equation whose order may grow indefinitely large with n. This

approximation would seem reasonable to use in those cases where the
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magnitude of the difference equation coefficients %53 drops rapidly
as 1i-j = (c,c+l,...) whereas the correlation coefficients p(i,j)
may not decrease rapidly as |i-j| = (c,c*l,...). If on the other hand
p(i,j) > 0 rapidly as |i-j| = (c,c+l,...) then the methods based on

assumption (6.4a) would be more useful.

6.13 Computation of %5 u<cC

Given the p(u,m) one can obtain the aij as follows: From

(6.65) E(V w ) dkkaku z aujp(j,k)

j=max(1l,u-c+l)

we may write for k=1, u=1

a3 = og7p(1,1)
or

a;; = 0(1,1) "1/2,

Letting k=1, u=2

Z GZJQ (J ’1)

or

azlp(l,l) + 0220(2,1) =0

Letting k = 2, u = 2, then

-1 Z
.p(j,2
?2 §=IQZJP(J ’ )



or

-1
@1 1,2) + azzp(Z,Z) = a5

Now by multiplying through by a,, one obtains the system

(6.66)

Let

(6.67)

(6.68)

Let

(6.69)

I
o]

2
a210220(1’1)+ azzp(zsl) =

2
a21a22p(1,2)+ azzp(Z,Z) = 17

B.. = then

. .0, .
ij ij7ii?

p(1,1) p(2,1) By 0
p(1,2) p(2,2) B> 1
0o Toa,ny o2,

p(1,2) 0(2,2) , then

8 = -p(z,l)

21
det p

by = Hoelyy =
det o

where det A is the determinant of A.

98
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. . T _
The construction continues for By = (831,632,833)

-1 0
(6.70) B, = o) 0
: 1
to BT where each of the matrices p(u) 1is given by
| P C. ,
|
(6.71) o™ = (1,30, 1,j = 1,2,...,u, for u < C.
Therefore
0
-1
(6.72) 8, = o™ :
1

Let R.(u) be the cofactor of the element o(j,j) of p(u). Then

ij ‘
rR(W 1
(6.73) B . = & |
W Ger o \
and since

Bou = *uu
we may determine
(6.74) oy = By

and then auj’ j=1,2,...,u-1 from (6.67).




6.14 Computation of Ly v>C

Define

(6.75) oM = (6(1,5)), i,j = v-c+l, V-C¥2, ..., V.

When v > c, (6.65) may be written
5, =V .
j=v-ctl

Vv
=] aye,q0 (G0

vV Vj
j=v-c+l
v
(6.76) ) ijp(j k), v >k
j=v-ctl
Let k=1v
V -
1=17 8,06V,
j=v-c+l
k=v-1
v 3
0= 2 BVJ-D(J ,v-1),
j=v-c+l
k = v-c+l

v
0= 8,50 (,v-cel)
j=v-c+l

100
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or
01 p(v-c+l,v-c+l) ... p(v,v-c+l) Bv,v-c+1
0
L1 ] Lp (v-c+l,v) . .. p(v,Vv) By ]
cxl cXxc cx1l
which implies
-1
(6.77) g =W 0
VI .
1

where p(v) is a ¢ x ¢ matrix whose matrix inverse exists since p
is positive definite. The components ij , may now be obtained by
using equation (6.73) and (6.74) which hold for u > C. Thus we see

th

that to obtain the u row of a for u > C it is necessary to invert

a cx c matrix. If C is very large this will make the recursive
solution of doubtful value. It will be seen however that the method

simplifies considerably if (vi) is stationary.

6.1§ Stationary (Vi)

Let us assume that the sequence (vi) is a stationary so that

(6.78) p(1,j) = o(]i-j]).



102

Then

pCV) - p(v+1) ,

v=oc, ctl,...
and therefore

(6.79) By, = Byl

and a = v,v-1,... .

v,j = Ov+l,j+10 )

Note that a_. is not necessarily equal to «

vj if v <C,

v+l,j+1
Thus in the stationary case all the diagonal terms are constant

for all rows equal or greater than the Cth row. It is now only

necessary to invert the matrix p(C) to obtain all subsequent values

of «

uj? u > C. This property is very useful and can be helpful in

obtaining a recursive relationship for the auj for process which
though not strictly stationary, approach a stationary condition

asymptotically.

6.16 Recursive Parameter Estimates

It is desired to obtain recursive estimates of the Markov estimator
X. The method is the same as previously shown with slight modifications.

Let

(6.80)

&

(6.81) Z= ay.
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Then from o1 = ala and (6.3)
(6.82) %= (ele)t elz.

Again the first n rows of the Z vector are unaltered and the first
n Tows of the ¢ matrix are unaltered as one goes from n to n +m
observations. Thus equation (6.30) and (6.37) hold with the substi-
tutions B to € and Z to Z and A to 6. It now remains to
determine the elements of é¢ and 8Z and show that they require

storage of at most the last C rows of H(n) and Y(n). Let

(6.83) € = (eij)
then
1§+m i=1,2,...,ntm
(6.84) €.. =) oK H_ .
1  g=1 1ttt j=1,2,...,h
But
a. ., =0 if 0 <i-t <C.
i,t -
Therefore
i
(6.85) £55 = ) a5ty
t=max(i,i-c+l)
and
- i=n+l,...,n+m
(6.86) 6e = (e;.)

1 j=1,2,...,h.
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Let n > C then

i =n,n+l,...,ntm

i
(6.87) e35 = L oy

t=i‘c+1 j = 1,2’000’}1.

Therefore to compute the elements of &e one must store the last

rows of H(n).

Similarly for i > C

i
(6.88) Z; = ) a5 Ve i=c,ctl,...
t=i-c+l
requires the storage of at most the last C values of Y When

(vi) is stationary then one may substitute %i,t - %i-t,i=c,c+l,..

in equation (6.87) and (6.88).
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Chapter VII
ON SELECTING SAMPLE POINTS

Given the linear model Y = Xg + e where

T [ ]
Y = Y1 X= 11 Xq B = |8
Y2 1 x B
Yn L1 xn-
and
e=1e
2
with Ee = @
and Case I: Eeet = Io2
Case II: Eeet = Voz
We wish to look at a procedure to choose the xi's, i=1, ..., n,

so that the cov(é) = ()(tV‘IX)'lo2 is a minimum.
If we allow the x; to be chosen from an unlimited range, then
we can make the cov(é) arbitrarily small by choosing the X matrix

to be aX, so that
COV(ES) = a-l(XtV-l)() 142 which approaches 0 as a + =,

Thus we will 1limit the range of the x; to small regions in which we

may be interested.
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Then we can make a restriction of the form:
ty-ly _ 2 o .

th

where Xi is the 1 colum of X.

THEOREM 7.1 Let X be a design matrix and the éi be the least

squares estimator of By- Then, under the restrictions in (1) on X,

(@) Vi) 2 =y

i

fiv

(b) the minimum is attained when (xﬁv“lxj) =0,i#j.

Proof: Let 1 =1, The matrix XTVOIX can be written as follows
[ T-1 Ty-1y |
XlV Xl X1V )(2
(7.2) Xy Ix = ,
T, -1 T.-1
LXZV X1 XZV XZ J

where X = (Xl, XZ).

Since XWX is positive definite, then
T 1oy -1 _
Xv X "= Rll R12
R1 R
where
- T - - - - -
Ry, = [OGVIX) - VIR 0GRy Ty ix 1
- T-1, -1,.T-1 T-1 Ty-1
Ry, = - OV XD TTOQVI) TGV - (Y TK)
Ti-1y =111 -1
X}V X)) T(XV X)) ]
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1y 1-1 T -1 T -1
Ry, = -(xgv )t oov i) regvixg) -
To-1o « Tomlo -1, Toely ~q-1
(V) GV ) ey X))
U, 5 TR, JUK SRR, J JN Y S NS |
Ry, = [OGVX,) - 0ovixp eqviix) toqvix)rt.
Therefore
A ) Ri1 Ryp
Cov(B) = o
Ri1 Ry
Hence
(7.3) V(B)) = —7—1 T -1 - TTo —ToT-1
[0V X)) - OV IK,) GV IE,) v )]
X 1 _1
2 =7 T
KvIR) g
since [V Ix)- (v IR 0oV ix,) TTogyix)T > 0

Ty,~1
and (XIV Xz)

To show V(éz) —1—2-
C

Iy =0

satisfied whehever X'{V' 2

is shown similarly.

(xgv'lxz)'lcxgv'lxl) > 0.

The equality in (7.3) is

COROLLARY 7.1.1 For the special case of Theorem 7.1 where V = I,

we have the condition X;)(i = C

iZ, and the optimum choice of combinations

(rows of X) is when x'i‘xj = (0, that is, the colums of X are orthogonal.

The proof follows from Theorem

7.1,
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THEOREM 7.2 Given the linear model described above (Case I) where
V= oZI, show that the choice of the X; restricting the x; to
.12 Xy s 1, which will give the minimum value for cov(é) is n/2

choices of x; = -1 and n/2 choices of x; = +1,

Proof:
ty -
XX = n in
2
IxXy Xy
tow-1 2 - oZinz ~022xi ]
(7.4) (XX) "¢ = cov(B) = —_— —_—
nI(x; - Xx) ne(x; - X)
i i
2 ]
-0 xi' +02n
an(xi - )32 nI(x; - ﬁz

If we denote the colums of X by X1 and XZ’ and recall from

Corollary 7.1.1 that )(1

obtain the minimum variance, we see that the terms off the diagonal in

and X, need to be orthogonal in order to

(7.4) must be zero. In order to make these terms zero, we must set

ZXi = 0, In order to minimize Va;r(_él), note that if IX; = 0, then

" 2
Var(sl) = 9?1—, which does not depend on the values of the X; . Finally,

R 2
Since Var(ez) = —02- if IX; = 0, we see that the Xy should be
X,

i
chosen so as to make xi‘2 as large as possible.
One method of forcing the X; to sum to zero is to choose

. 2 .
Xie1 = 7% for i=1,3,...,n-1, If the sum of the X" is to be as
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large as possible, and if -1 s Xy s +1, the n we need to choose n/2
2
of the x, = 1 and n/2 of the X, = -1. This implies that var(Bz) = Eﬁu

We can reach the same conclusion in another manner. Consider the following

example where n = 4,

Choose Xy = 1/a1 where a = 1

S |
Xg = 1/a2
X4 = "X3
Then
[1 1va]
1 -1/a
X = 1
1 l/a2
\1 -l/az
J
XX = |4 0
2 2
0 2(1/a1 + 1/a,%)
2 toe-1l _ [o?
stxt) Tt = |- 0 )
4

2 (3@,
L A Sy

N (a7)+(a;7) ]
a 2a 2
To minimize the V(BZ), the tem 1 needs to be made as small
a,” +a
1 2

as possible. This can be accomplished only if a; = a, = 1. As a

result, the matrix X becomes
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1 1
1 -1
X= 1 1
1 -1

We now develop a technique for choosing the design matrix X

whenever V is given. Let vi-r-= (rij). Then write Cov(8) as
follows - N
Iz ryXiX. -z Xirij
- 2 Toen-1 _ 2] 17 1]
Cov(B) = 6"(X'RX) " =0
- X.T.. ILrT..
BE itij ij J

2
%(Z Zrij)(z zrinin) - (z inrij)

By Theorem 2, we need to choose the off diagonal elements to be zero to

insure V(él) and V(éz) to be a minimum. Therefore I I ri.X =0

joi
which implies X]RX, = 0 since X, = (1,1,...,1)7 and
X2 = (Xl’ Xgs ous xn)T. The problem has now reduced to finding a
vector Xz such that X{RXZ =0 and V(él) and V(éz) are minimum.
The above covariance matrix becomes
A [ 2 ]
Cov(g) = fg%jj 0
1)
0 o

I ZT.. . -

Thus to minimize V(éz) choose X2 such that X';‘RX2 is as large as
possible and X{RXZ = 0.
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Chapter VIII
ON LINEAR ESTIMATION WITH LINEAR CONSTRAINTS

In this chapter we will develop the best linear estimates of x

in the linear model
(8.1) y=Hx +v

under a set of linear constraints.

We will consider the constraint
Ax =T
where A is an m x n known matrix such that
r(A) =m<n

and T is a known m x 1 vector of constants.
Also we will consider estimating x in (4.1) if the added

information that
r=8x+u

is known where r is tx 1 wvector, S is a t xn known matrix and

u is t x1 error vector such that
E(u) = p

and
e(uuT) = A,

A 1is positive definite. No restriction on the rank of S is required.
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8.1 Deterministic Constraints

Suppose that in addition to the linear model (8.1) it is known
that

(8.2) Ax =T
where A 1s m x n known matrix such that the rank of A
T(A) =m<n

and T is aknown m x 1 vector of constants. Our purpose is to

develop a best estimator for x.

THEOREM 8.1 The minimum variance unbiased estimator for x in (8.1)

< -
 pr—g

given (8.2) is €....7iF

x + R AT AR h AT L - a0

N
X

where

>

-1 -1
y.

x = Ry alr

Proof: It is true that the '"pay-off'" function
T,-1
Q= (y - )R~ (y - Hx)
yields the minimum variance estimate for x, that is

9Q _ T.-1 -
B - Ry - H) = p

implies that

x = @R Ry,
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Consider the payoff function
' T,-1 T
Q =@ -H)R(y -H) + 227 (T - &)
where A is a mx 1 vector of Lagrangian multipliers. Then

Q= -y - 1) - 240 =
(8.3)

1

oQ _ =
LR

1
gives a necessary condition for Q to be a minimum. This implies
AL = @R x - HR Yy

which implies that the estimate

@R ) ¥ = Ry + AT
or
(8.4) ¥=x+ @R AL,
If
(8.5) A = [A(HTR‘lh)'lAT]'l(T - AX),

then (8.4) and (8.5) form a minimum variance solution to the system of

equations in (8.3). It is important to note that

T-A¥=T- A[x + HR ) 1AT]

T - Ax - AHR AT
T - Ax - (T - AX)
= ﬂ’
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as was required.

Also one notes that

EX = Ex + (HR1H) 5.
But
E)z =X
and
Ex = [AER ) AT (T - ARx)
= AER AT (1 - A
- 9
by (8.2).
The covariance matrix C(%) is obtained as follows:
c® = cix + MR AT AR ) 1Al L (7 - Ay
= ct(@ - R ) AT[AGTR 10 “1AT) 1ayx)
= B(h'R 1n) 18T
where
B= (I - (hR1h) TATamTR 1h) ~1aT] 1A,

On reducing C(x) to a simple form we find that

¢ = @RI - @R AT aw R Ty AT AR
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And again, added information leads to a reduction in the variance

of the estimators.

8.2 Linear Constraints with Additive Random Components

Suppose the rank of h is n and that we know the additional

information about the n x 1 vector of unknown parameters, that is

(8.6) T

Sx +u

where r isa tx1 vector, S isa txn known matrix and u is
a tx1 error vector such that E(u) = § and E(uuT) = A, a positive
definite matrix.

Suppose the elements of u are independent of the elements of v

in (1). We can then combine (8.1) and (8.6) to obtain a new linear model,

that is

R
RN

The classical Gauss-Markov Theorem yields the estimator using (8.7) as

the linear model as

X = [hTR'lh + sA'ls]'1 [hTR'ly + sTA'lr]
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or

T, -1

X=x+ [hTR-lh +s s]'1 sTA'l[r - si].

the desired result.
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Chapter IX
ON LINEAR ESTIMATION
WITH INEQUALITY CONSTRAINTS

This chapter has its purpose to specify a general framework for
combining prior and sample information in the linear model when the
prior information consists of linear inequality or both equality and
inequality restraints on the individual coefficients or combinations
thereof. Under this specification, the estimation of the parameters
of the linear model if formulated as a problem of minimizing a quadratic
form subject to a set of linear equalities and inequalities (i.e., a
typical quadratic programming problem) and an algorithm is specified
which may be used to efficiently solve the nonlinear programming
problem. The properties of the restricted estimator are discussed
and the formulation is extended to cover a set of linear regression

equations.

9.1 The Basic Model

The sample observations are assumed to be generated by the following

linear model:
(9.1) y = Xg + u,
(9.2) E(u = 0,

(9.3) E(w') = o°1
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where y is a (Tx1) vector of observations, X is a (TxK) matrix
on nonstochastic elements that are fixed in repeated samples and have
rank K, and u is a vector of random disturbances which are assumed to
have zero mean, (9.2), and constant (finite) variance, and be uncorrelated,
(9.3). I 1is a unit matrix of order T, and B is a vector of unknown
parameters to be estimated.

Given this specification for statistical model, when only the
sample information is used, the ordinary least-squares estimator é is
obtained by solving the following problem:

To find the vector é that minimizes
(9.4) u'u= (y - X8)'(y - X8).

Setting the derivative of u'u with respect to B8 equal to zero,
yields, for the minimizing value, the least-squares estimator

(9.5) 8= X0 vy,

9
which can be shown to have a minimum variance within the class of all

unbiased estimators which are a linear function of .

9.2 General Restricted Least-Squares

We now reformulate the above problem to include the following

inequality restraints:

u
! 1 u s S

(9.5a) [8;1 < for v >0 and 1] >0 or 0 <ry <8 <
_Il —— -ri — — —

u
I’l,



(9.5b)

(9.5¢)

(9.5d)

(9.5e)

where

bound constraints for the unknown coefficients in the i

and Ii

(%

[s,]

[8.]

S .
and i for i=
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u
T, .
< g | for T, <0 and 1, <0 or
2 s u
r, <8, <1y <0,
u'!
Tg .
< .S for r; >0 and r7; <0 or
3 S u S u
J Ty<Bz<T; and 13 <0<717,
S3 By rz
B u S >
21| | for r, , T, 20 or
-S; T
r41885_r4,
F1
Byl =
R;] B2 =1y for r; <0,
3

1,2,3, are known vectors of upper and lower

th .
set Bi,

= 1,2,3, is the identity matrix with rank corresponding

to the number of elements included in the parameter vector, B8.. Thus

1

for the inequality constraint (9.5a) the unknown elements of the parameter

vector B; are restricted within a non-negative interval. Likewise for

inequality constraints Q.Sb) and (9.5c), the unknown elements B, are

restricted to the non-positive interval and the unknown elements of B+

may range over an interval of positive and negative values.

Constraint
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(9.5d) reflects the interval inequality specification for some linear
combination of the unknown coefficients By with S representing a
constant coefficient matrix reflecting linear combinations, ratios, etc.
of the parameter vector Bi and ri and rz again represent a known
vector of upper and lower bound constraints. Constraint (9.5e) reflects
the equality specification on individual and/or a combination of unknown
parameters B,. In the formulation to follow this restraint will be
handled as a special case of (9.5d) which relates to the situation when
the upper and lower bound constraints are equal.

By extending the prior information on the parameter set 8 to
include the inequality constraint possibilities (9.5a) to (9.5d) we have
the following problem:

*%x
To find the vector B8 that minimizes (9.4)
subject to constraints (9.5a) through (9.5e)

9.3 General Restricted Formulation

To convert the problem of finding the vector B** which minimizes
(9.4) subject to the prior information contained in (9.5a) through (9.5e)
to a quadratic programming problem, it is necessary to redefine the
variables associated with the admissible non-positive coefficients so that
the non-negativity requirements are fulfilled. In order to construct a
feasible quadratic programming convention which does not conflict with
statistical procedures:

Consistent with (9.4) and constraints (9.5a) through (9.5e) let the
set of fixed X's be partitioned into X,, XZ, X3 where

IXl, X5, X3] = [X] with the total number of variables equal to K and



)
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K= K1+K2+K3. With the subset X.1 associate the non-negative restricted
vector of coefficients By with the subset X, associate the non-
positive vector of coefficients Bys i.e., the X;y vector is spanned
by a negative extension of the vectors (X;XZ) in the moment space. With
the subset X3 associate the vector of unrestricted sign parameters

Bze To handle the non-positive prior specification on By and the
negative possibility for Bz and convert the expansion factors for the
vectors of (X;Xz) and (X;XS) to non-negative numbers, let us use the
programming convention of treating XZ as -XZ and augmenting X3

to (XS’ -X3) and B; to {gg , where 3B corresponds to the negative
counterpart of B83. Under this convention define the augmented matrix
[Xl-XZXS-Xs] as X and the augmented vector [Bi 8; 8; 38']' as é.
Given this specification the problem may be formulated as:

To find the vector B that maximizes the quadratic function

~f~ ~p ~1 -y O~y ~~

.
uu=-(y-X8) y-X)=-yy+28 X y-8 X X8

o

, X,
=‘}’}’+2[31326338] 1 {Y]
!
s |
~ ! ! ] 1] T 7 N
(9.6) X, X X(X) XX X (X9 [ 8
t 1] ] 1
) v | 1 Bl ('Xz) xl Xz XZ ('XZ) X3 Xz X3 BZ
Brff5 R0 ¢ xex)  xx xxol|e
3 30K X3 Xy X3(X5) 1| 85
1 | 1 ]
(X X X5 Xy (Xg) Xy X5 X5 [ 58
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or

(9.7)

and

(9.8)
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where iTi is (K+K3)x(K+K3) positive semidefinite symmetric matrix

and B 1is a non-negative vector of unknown coefficients. Equality

constraint (9.5e) is handled through the inequality constraint (9.5d).

In this form the specification (9.6), (9.7) and (9.8) reflects a

typical quadratic programming problem, i.e., find the non-negative

values of the B's which minimize a quadratic function which satisfy

given linear inequality constraints.

"equivalence theorem' for non-linear programming [11, 13, 19] and the

By making use of the Kuhn-Tucker
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duality theorem of Dorn [5, 6, 19] for quadratic programs the following
primaldual programming formulation results:

To maximize

(9.9) Xy - X))’ "a'r=- Bw+r'v) <0
subject to

(9.10) Aé,i T Or AB +v=r,

(9.11) Ax+ XX)B>Xy or AA+ (XX)B - w= Xy,
and

(9.12) é,k >0 or é,X,v,w,.i 0,

where ) is a vector of dual variables pertaining to the constraints
and v and w are vectors of artificial variables for transforming
(9.10) and (9.11) into equality systems. This problem, (9.9) through
(9.12), is solvable by use of the standard simplex version of the
quadratic programming algorithm developed by Wolfe [30]. The character-
istics of this algorithm for our problem are reflected in the tableau
presented in Table 1.

TABLE 1

SIMPLEX TABLEAU FOR GENERALIZED RESTRICTED
LEAST-SQUARES ESTIMATORS
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In Table 1 the I's are identity matrices and M 1is any positive
real number attached to all artificial variables 2z, of the initial

basic solutions.

9.4 A Non-Linear Estimator

One can formulate a non-linear estimator for estimating a parameter

vector X in the linear model under the constraints that

b. < X.

; i £ 8y i=1,2,...,n

1

by applying the Bayesian technique.
Suppose X has the multivariate uniform distribution and suppose
that Y given X has the multivariate normal distribution. Hence we

may write the respective density functions

(9.13) h(Y/X) = (Zﬂ)n/21|R|1/2 exp (- 2(¥-H0)T R (Y-HX))

and

1

(9.14) X) =
g(X) (37517 (a;%5,) <~ (& 7b)

where if X = (xi) then -b.

< X.
1—-

< a..
1 -

1

The Bayesian estimator for X, say X is given by
(9.15) X = EQ/Y).
The joint probability density of (Y,X) is

(9.16) £(Y,X) = h(Y/X) g(X)
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and the conditional density of X given Y is

(9.17) g(X/Y) = £(¥,X)/h(x)

where
a al

(9.18) h(y) =/ ... s £(Y,X)dx; dx, ... dx
-bp -bl P

1
(a#by) (a5%b)) .. (a b ) (2)™ * R/

a 1

a
Pt e (- Z-E0T R AEO) ax dx,
b

P 1

Then it follows that

1

(9.19) X,Y) =
8 (a1+b1)(az+b2)...(ap+bp)(2n)n/2 |r| /4

op (- 2T R (r-10)

1
(a1+b1)(a2+b2)...(ap+bp)(2n)

IR

a a
Pt ey (- %{Y-HX)T R'lcY-HX))dxl dxy ..
b -b

P 1
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From (9.18) and (9.19) it follows that

a 4 1 T -1
fb s e fb x exp(‘ '2-(Y’HX) R (Y'HX))dxl de s a e dxp
(9.20) X = P al :
fl'; coo I ep(- 2-0T R V-H0) dx) dx, . ax,
- b
P 1

equation (9.20) implies that -b. i;c. < a.

Since -b. < x.
- i i i

< a.
1 1 -

i
Unfortunately we required normality assumptions on the observations
to obtain )2= (;ci) however we may study i as defined by (9.20) as a
non-linear estimator of X when X is not a random variable and Y is
not normally distributed.
The properties of such an estimator have not been obtained at this

time.
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Chapter X

ON RECURSIVE ESTIMATION WHEN THE

COVARIANCE MATRIX IS UNKNOWN

10.1 The Estimators

It is well-known that the minimum variance linear unbiased estimate

for the unknown parameter vector B8 in the linear model

(10.1) YN = XNB + ey

is

(10.2) By = (aVeixg T XV

where
YN is Np X1 vector of observations,
By is n X 1 vector of parameters to be estimated.
XN is Np X n matrix of known real numbers, and
ey is Np X1 vector of random errors

such that

(10.3) EeN =

(10.4) Beyey = Vy

where

LY

is a Np X Np positive definite covariance matrix.
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Clearly, in order to use the estimator B one must know VN.

Unfortunately, this is not usually the practical situation. One

alternative is immediate. Instead of (10.2) use the estimator
* -1 T

(10.5) By = () T XY

which minimizes the sum of squared errors,

T
(10.6) e\eN

We will limit the investigation here to the case where VN is

block diagonal and each block is a p X p submatrix V, that is

(10.7) Vy = (v p . . 9]

L_ﬁ [/ . . . VJ

This case is important in orbit determination problems in which

~

= [y, - [x)
W=1ln ; NElx
Y2 X2
N | XN
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where the sequence {yi; i=1,2, ..., N} is a sequence of p X1
observations. The vector Yl is the data obtained at time t, Y2 the
data vector at time t,, etc. where ty <ty <. <t The estimation

must be done recursively. The recursive forms of (10.2) and (10.5) are

(10.8) R N e S L0 M A RN
and
(10.9) By = Byg * IXn + Xy T y
: N ANt Derfen N o sy o]
where
(10.10) [xgv’lxN]’1 = [X§_1V§%1XN-1 + X§V-1XN]-1

T -1 1 T -1 1T
yoaN-1%n-1] T BaaWerXved T X

T -1 1Te-1 T -1
[V + 0 WD) ) X W X-g!

The recursive form of [X;I;XN] "1 can be obtained by letting V=1 in
(10.10).

Other estimators that are recursive in nature which may be ''good'’

estimators are

N N
_ Te-1 -1 Te-1
(10.11) By = [§=lxasa X,] [£=lxasu Y,

where

10.12 s =) BIARLY
(10.12) = _‘Zj':l(yj stj) Yj Xj j) /@
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and

N N

_ -1 y-1;% . To-l

(10.13) By = @ x.Taop) 1L Xy Ty opy,]

o= a—l
where

7 ¥ ¥ T
10.14 T = R LI (AR §
( ) . JZ=1(YJ x;385.905 - x; 3—1) /a

given that By is the best approximation for g at time ty-
If a recursive scheme is not necessary then one might conjecture
that the estimator defined by (10.11) with the modification that Sa

be replaced by

(10.15) s —If ( *)( TN
' R RS TR kS e
for all o or
N -~ ~ T
10.16 S = . - v.B. . - y.B.
(10.16) . JZ=1(>’3 xi85.) 05 = x585.7) /N

for all
The purpose of this chapter is to study the properties of the
estimators defined by (10.11) through (10.14).

10.2 Properties of the Estimators

The following well-known [1] lemma will be used in establishing
the properties of the estimators defined by (10.11) and (10.13) and

the statistics (10.12) and (10.14).
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LEMMA 10,1 Let X and Y bea nx1 and mx 1 vector of

random variables, respectively. Then
(10.15) E(Y) = E{E(Y|X)}

Proof: Let £(X,Y) denote the joint probability density function

whose first moments exist. By definition of expectation

E(Y)

(x,y) dx d
)J; {,yxyxy y

1]
"

[ vy xO) £3() dx dy
y
= [ E(Y|X) £y (x) dx

X

= E{E(Y[X)},

the desired result,

Consider then E(EN), that is

E(#y)

E [Z X, s x [2 xasa ya]
a=1 ¢ o=

E{[Z lx s x ) Z 1(Eya|sa]}

N

N
-1 ,-1 -1
E{[} x s x| 1 XS
a=1 a=1

xaB]

EB
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Similarly, E(FN) = 8, Hence both '§N and EN are unbiased estimators
for the parameter vector B8.
The expected value of the statistic defined by (10.12) is

Es, = E{Z O = %385 )(y - X85 97T)a
3=1 J

Q

Le 7 [y, - * y Ty
E j=1 Yj ij)'xj (BJ - B)][(YJ - XJB)-XJ(BJ - B)]

2 ¢ * T 1%
- =1 E(B;-8)(y;-X;8) + ;-§ E(s e)(e )T X;

j=1
Now-
E(8: - B)( x.8)"

3TV

= E[ (e, Lifed Xix

= E[(8;_1-8) (r;x;6) T14E(( 1%-17%% )

T * * T
%3 0558500 057385000
T

Let Kj = (x}_lxj_l + xe .) -1 X35 then

* T T * T
E(8.-8) (y:-x:8) = 0 + K.E(y.-x.8) (y.-x.8) - K.x.E(8, _,-8) (¥;-X;
(85-8) (v;-x58) SE0r;7%;8) (75 -x;8) 3%5E(85_1-8) (y5-x58)
= K.V.
j

Also

# % T T -1 T
E(8.-8) (8:-8)T = (Xix.) ™+ xIv.x. (st s;
(BJ B)(BJ 8) ( 3 J) 5V J( )7t
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Therefore
28 T T -1 T, . 1% Ty +-1,T To +-1.T
ES =V - = X, X, (+X.X. x.V+ = . (X.X. X.V.X. (X.X. .o
o a ggl( 5-1%5-17%5%5) T 5V g JZ=1XJ( %50 " X5V5%; (R5X5)

This shows the Sa is a biased estimate.

It remains to be determined the covariance matrix of the estimates
(10.11) and (10.13). Since the expected value of the estimate (10.14)
depends on the covariance of the estimate (10.11), this also remains to

be done.

10.3 References

[1] Graybill, F. A., An Introduction to Statistical Models, Vol. 1,

McGraw-Hill, Inc., 1961, p. 199.
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Chapter XI
THE MAXIMUM LIKELIHOOD ESTIMATES OF THE MEAN VECTOR
AND THE COVARIANCE MATRIX

11.1 Summary

The maximum likelihood estimators are derived for the mean vector
u and the covariance matrix R where the p X1 random vector X is

distributed as

(11.1) N(X; u,R) = (Zw)p/%|R|1/2 exp - 200 - TR - w.

11.2 Preliminary Notions and Notation

Let {Xa, a=1,2,...,N} represent a sample of N observations

on X according to (11.1), where N > p.
1 1 3 T.-1
(11.2) L= —m—mexp - Vi z (X(! - U) R (X(l - u).
(Zﬂ)p |R| a=1

Since the exponent is written in temms of R-l, we shall find the maximum
likelihood estimates of u and R'l. The following lemma will give the
maximum likelihood estimate of R from the maximum likelihood estimate

of R_l, say .

LEMMA11.1 [1] Let £(6) be a real-valugd function defined on a
certain set S and let ¢ be a single-valued function,
with a single-valued inverse on S to some set S*,
that is, to each 6 € S there corresponds a unique
e1lt € S* and conversely to each e* € S* there corresponds

a unique 6 € S.
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Let
% -1, %
gle ) = fs “(e)].

*
Then if f(8) attains a maximm at 6 = 90, g(e )
* %
attains a maximum at ¢ = 8y = ¢(60). If the maximum
of f(8) at 8 is wnique, so is the maximum of
* *
g(e ) at 8o
Other useful lemmas are

LEMA11.2 If A=Al

3|A|/ a;;

then

Aig

2A. .

alAl/ 3y ]

where A = {a..} and the minor of a.. is A.. (a
ij ij ij

scalar).

and

LEMA 11.3 Let Xl’ Xoy eeny XN be N (p-component) vectors and

N
let X= ] X /N. Then for any vector b,
a=1

N T
(11.4) azl(xa - b (X, - b)

N
= ] (X- 0 X *+nX-b)X - b).

a=1



(11.6)

(11.6)

(11,7)
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When we let b =y in(11.4) and let
N T
A= ] X, -0E& -0,

a=1
the quantity (11.4) can be written

N T
L0, -0 -7 = A NOC- ) (X - W)
o=

Using the result and the properties of the trace of a

matrix (tr CD = gj Cijdji = tr DC) we have
N T N T
) (X, - WX, -w) =tr | (X - W v, - W)

o=1 a=1

T

N
tr |} X, - WX, - w)

a=1

tr yA + tr yN(X - W) (X - w)T

]

tr yA + NX - WX - w).

Thus we can write log L where L is given by (11.1).
-1 1

log L = - 5 pN log (2r) + 5 N log [v|

- Ztr A - FNEX - v - ).

Since ¢ 1is positive semidefinite, N(X - u)Tw(X -u) >0
and 0 if u = X. To maximize the second and third terms

of (11.7) we use the following lemma
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LEMMA1l1.4 Let

f(c) = -Z-N log |c| - Z c1J 5
where C = (ci j) is positive semidefinite and where
D= (di j) is positive definite. Then the maximum of

-1

f(c) is taken on at C = ND and the maximum is

f(ND ) pN log N - 5 N log |D| -
2' '2'

Proof: We note that f(c) tends to -» if C approaches a singular
matrix or if one or more elements of C approach « and/or -=,
Thus maxima of f(c) are defined by setting equal to zero the
derivatives with respect to the element of c¢. Using lemma 11.2

above, we find

fc
of _ 1 N a|c| _ 1, Gk 1
(11.8) 3¢ 2 Icf gy fdkk =zN el ~ 7 %k

where cof Crk denotes the cofactors of Crk in C. For k # 2

cof Crk

of _ o i
(11.9) oy = N dgs

since Cg = Sox Setting Zaf/'ackk and af/ackz equal to 0 and

using the fact that cof Ckz/ lc| is the 2,kth element of C'l, we
obtain NC'l=D. Thus C = ND!. The value of maximum is
£0ND) = 2N log N0 - % tr Np 71D
= %N log Nplp | - —tr NI

1
= 7 Np log N - 2N log [D] - 7 Np
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and the lemma is proved.

11.3 The Estimators

On applying lemma (11.3) to (11.4) we find that the maximum occurs at

y = %IA 1,

We assume that A is nonsingular (the probability is 0 of drawing a
sample N > p such that A is singular). Thus At exists, and ¢

is positive definite. Therefore u = X is the only value of u to
make the last term of (11.7) zero. Thus the maximum likelihood estimators
for y and ¢ are p =X and \p=NA_1.

To find the maximum likelihood estimator of R, we apply lemma 11.1,

giving

which with

p=X

are the maximum likelihood estimators.

11.4 The Case When u = Ha X and Covariance Matrix g_s_ Known

The likelihood function is

1
1 1 -y

N
To-1
L = o2 T2 E (Y, - H)RT(Y - HX).

Consider the natural log of L and take the partial derivative of
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en L with respect to the vector X, that is

Z HR (Y -HaX)Z

Letting —-55(-— = 0 and solving for X the maximum likelihood estimator

for X yields the minimum variance linear unbiased estimator for X,

that is

-1

ZHR )yt ZHR Y.

=1
A normality assumption is simply an unnecessary added restriction.
11.5 References

[1] Anderson, T. W., An Introduction to Multivariate Statistical

Analysis, John Wiley and Sons, Inc., 1958, pp. .44—49.
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Chapter XII
ON COMBINING UNBIASED VECTOR ESTIMATORS
OF A VECTOR PARAMETER

12.1 Preliminary Concepts

Let 51 and 82 be two unbiased estimators of p x 1 vector
parameter 6. The p x p covariance matrices of 51 and 52 will
be denoted by R1 and Rz; and the unbiased estimators of R1 and RZ
be ﬁl and ﬁz, respectively. We seek a linear combination of 61

and 52 which will be an unbiased estimator for o and have a minimal

covariance matrix in the following sense:

DEFINITION 1.1 The covariance matrix R is minimal if for any other
covariance matrix Q, the matrix Q - R 1is not negative semidefinite

or negative definite.

DEFINITION 1.2 The covariance matrix R is strictly minimal if for
any other covariance matrix Q, Q - R 1is positive semidefinite or

positive definite.

Let the combined estimator for 6 be defined as

(12.1) 8 = Ae1 + Be2

where A and B are p x p matrices of real elements.
Since 51 and 52 are unbiased, then Eg = (A + B)s which

implies that in order for ® to be unbiased
(12.2) (A+B) =1

where I is the p x p identity matrix.
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-~

The covariance matrix of o 1is

(12.3) E[(6 - 0)(6 - 0)1] = AR AT + AR BT + BR, AT + BRB!
where

Rj, = E[(3 - 0)(6, - )]

Ryp = E[(8, - )8y - )]

Ry = E[(6; - 0)(o; - 0]
and R, =E[(s, - (6, - 0)]

Using the techniques from the calculus of variations and solving
for the matrix A after equating the first variation of R with
respect to A to zero in (12.3) under the constraints (12.2) one

obtains

(12.4a) A

(R - Ryp)[Ry + Ry - Ryy - Ryp]

(12.4b) B= (R - RIR +R - Ry - Ryl

and finally
(12.52) R=R, - (R - Ryy) [} + By = Ry = Ryl 'R, - Ryp)
(12.5b) R=PR - (Ry - Rp)[R + Ry - Ryy - R IR, - Ryy)

where we assume the existence of the inverse of

-1
[R; + Ry - Ryy - Rppl ™



149

Usually, the estimators 81 and 6, are uncorrelated; that is,

R12 = R21 = ¢, then (12.4) reduces to

(12.6a) A=RyR +R,]l = [Ril * Ril]Ril B RRil
(12.6b) B=R[R + Rzl'l = [Ril + RillRil = RRil
where

(12.7) R = rt e R

These results are well-known [1] and are included here for sake of

completeness. The covariance matrix R is strictly minimal when

compared with the covariance matrix of any other linear combination

estimator which is unbiased.

12.2 The Combined Estimator When the Covariance Matrices R1 and

R2 Are Unknown

Let (MW denotes multivariate normal)

XM - o,Ry)

(12.8)
x() - M (o,R,)
then
1 1;1)(
X Np a1l

and
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N
_1 2
X, = ‘NE"Z X5

i=1

are unbiased estimators with covariance matrices Rl/ (Nl -1 and

R2/ (N2 - 1), respectively. Let the random samples {Xi(l); i=1,...,N}

1
and {Xi(z); i=1,...,N,} be independent, then Yl and ')TZ are
independent. It is well-known that Yj and Sj , where

=1 () _ (3) _ ¢5T
(z.9) s NT pxg - X0 - X))
are independent [2]. Hence 'X'l, 3('2, S, and S, are mutually independent.

Also we note that

Forming the estimator by substituting the maximum likelihood estimators

Sj for Rj in (12.6) and (12.1) and taking the expectation it is found

that the estimator

-1 1

X

(12.10) 6=5,[ +$ )

2 X+ 508 *+ 5,1 K

is unbiased. This follows directly
- -1 -1 -
Ee = E{SZ(Sl + SZ) }E{Xl} + E{Sl[sl + SZ] }E)(2 =0,

We note since (A + B) = I, that Eo = 6 even if S1 and S2 are
correlated and Xl and X2 remain uncorrelated with S1 and S,.
However, difficulties will arise when correlation exists between the

estimators and the estimates of their covariances.
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For clarity consider the umnivariate case in which we wish to

estimate ¢ from two separate sources. Let
x(l) N N(ulyoz)
x® - NG, ,6%)

and My and u, are not known. Two unbiased estimators for 02

are
Ny
2 -
el o) -5
1" o=l
Ny
2
2=yl ¥ -x)
2 a=1
It is well-known that
(N, - l)s?
1 i. Z(N -1
o
and it follows that
4
2 _ 20
Var s” = N;TT

Using (12.1) and (12.6) it follows that the strictly minimal unbiased

estimator for o 1is

204 204
6= 42 455" 41 453
20 + 20 20 + 20
N2 -1 N1 -1 N2 -1 Nl -1

or
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2
(12.11) SN IN, IS NEN, TZ %2

a well-known result. It is important to note that it is not necessary
to estimate the variances of si, i=1,2,

Consider the problem of combining independent unbiased estimators
of the covariance matrix. Let (12.8) be the case of interest, then
(12.9) defines two independent unbiased estimators for R, the unknown

covariance matrix. From (12.1) and (12.6)

(12.12) 6 =R[R +R] e, +R[R +R] e
: 2Ry * Ryl e+ Ry [Ry + Ry1 T8,

Consider the following theorem

THEOREM 12.1 Suppose X, X,, ..., Xy (N>p + 1) are distributed

1’
independently each according to N(u,R). Then the distribution of
N

1
S= =]
NTEL

X, - O, - D

is W(N%I- R, N - 1), that is, the Wishart distribution with
covariance matrix R and degrees of freedom N - 1.

It can be shown [3] that if S = {Sij} is defined in Theorem 12.1

that
(12.13) ES=R

T = - -
(12.14) [5,57] = E{(S;; - BS;) (S, - ESy))

1
T Cidie t %ietK



153

where (S,ST) is a (p2 + p)x(p2 + p) matrix. Defining

, i -
s
1
S22
(12.15) e, =

we note that

Ee; = i=1,2

g
| p-Lp J

where R = {o3;}. The (ei,ez) = [S,57] as defined in (12.14).

From (12.12) and (12.14)

-1
~_ 1 1 -
(12.16) e-N -1CIF-1C+N -lc el
2 1 2
-1
1 1 1

+ C C+ C e
Ni -1 Ni -1 N2 -1 2
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where C = {°ik°jz + °iz°jk}' The quantity (12.16) reduces

N Nl—l N Nz-l -

a vector analog of the 'pooled'" estimate (12.12). Note again that the

estimate 6 1is independent of the covariance matrices of 61 and 62.'

12.3 Recursive Estimation of the Covariance Matrix

Consider the linear model

(12.18) y, = HX +V,

where Ye denotes a p x 1 vector of observations
Ht denotes a p x 2 known mapping matrix

X, denotes an n x 1 unknown state vector which we wish

to estimate

V., denotes p x 1 random vector such that EV, = ¢ and

t
T _ T
EVtVt =R for all t. Also EVtVt+T = ¢, T#O0.

Our purpose is to estimate R from a sequence of observations ordered

in time. Let
(12.19) {yt; t=1,2,...,N}

be the sequence of observations. If Ht is full rank, that is,

Ht is rank n > p, then
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s o To-1, T, To-1
(12.20) X, = (HRH) HRCy,.

But unfortunately in many applications the matrix R is unknown, hence
must be estimated.
Another case which is of interest is the estimation of the state

vector in dynamic linear filtering problems [3]

-~

R e | 1,-1,,T,-1 1
(12.21) X, = [HRH_ + F; 1R H + P XJ p<n

where Xt is an n x 1 vector a priori estimate of )(t prior to

taking the observations such that

E)(t = Xt

and

= T _
tht - Pt

a known covariance matrix.

Let

(12.22) Ve =y, - HX,

T _ T _
where Eth't = ¢ and EYtyt b.
We note that -

EV = Ey, - HX,} = HX, - HX, = o.
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However,
EV,V, = E{(y, - H.X.)(y. - H.X)T}
t't t Ve T P
_ T T T T,.T
= Elyyyp - HXpye - v¥ehe * HX X H!
A AT T
(12.23) EV.V, = R+ HtFthA

An unbiased estimator can be found from (12.23) by subtracting out the

bias H FHT that is

ttt’
L A
S, = §=1[Vivi - H;P.H;1/t.

The estimators (12.20) and (12.21) are then modified by substituting

St for R. The analog for (12.20) is

~

_ el -1, Te-1
(12.24) X, = (HS; H) HS{y,
and the analog for (12.23) is

v -1 1 -1 1
(12.25) X, = MS7H + P [HSy, + PUX].

~

The properties of St’ XS and 5(5 have not been developed at this time.
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